Convex and non-convex approaches
| for low-dimensional models

v

Volkan Cevher

Laboratory for Information and Inference Systems (LIONS)
Ecole Polytechnique Fédérale de Lausanne (EPFL)
Switzerland
http://lions.epfl.ch

Mario Figueiredo
Instituto de Telecomunicacgédes (IT)
Instituto Superior Técnico (IST)

Portugal
http://www.Ix.it.pt/~mtf/

TTTTTTT
SSSSSSSS
CCCCCCC

» C-»



Linear Inverse Problems

U D X

-~

M x 1 Mx N (M < N)

N x 1

Myriad applications involve linear dimensionality reduction

deconvolution to data mining
compression to compressive sensing
geophySIcs to medlcal Imaglng [Baraniuk, C, Wakin 2010; Carin et al. 2011]



Linear Inverse Problems

U D X

-~

M x 1 MxN (M < N)

 Challenge: Null space of ®: N (®)
Px' = ®(x +v) =u, Yv € N (D)



Linear Inverse Problems
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T =

Deterministic Probabilistic
Prior ©parsity distribution
Metric ¢,-norm* likelihood/
posterior

Nl = (5 )P



Deterministic Low-Dimensional Models




Sparse representations

N X
e Sparse signal « N
only K out of N -
coordinates nonzero support: —
H
K< N S={i:x; #0}
allo=IS|=K H
allo =S| =K H
8

K =

R3
K N

sorted index
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Sparse representations

e Sparse signal T

only K out of N
coordinates nonzero
T

in an appropriate
representation

e Sparse representations

sparse transform
coefficients «

||
=
Q

— Basis representations

U ¢ RNVXN
= Wavelets, DCT...

— Frame representations

U eRVXE L >N

= Gabor, curvelets, shearlets...

— Other dictionary representations...



Sparse representations

e Sparse signal:

only K out of N
coordinates nonzero

K <N

e Sparse representations:

sparse transform
coefficients

e A fundamental impact:
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Sparse representations

e Sparse signal:

only K out of N
coordinates nonzero
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e Sparse representations:
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Sparse representations

e Sparse signal:

only K out of N
coordinates nonzero

K <N

e Sparse representations:

sparse transform
coefficients

e A fundamental impact:
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Sparse representations

e Sparse signal:

only K out of N
coordinates nonzero

K <N

e Sparse representations:

sparse transform
coefficients

e A fundamental impact:

P

becomes effectively
low dimensional*

M x K

_
"

M>K

*: If we knew the locations of the
coefficients. More on this later.
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Low-dimensional sighal models

Information
level:

K<KN
large
wavelet

coefficients
(blue = 0)

O\ E?MM

| :
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sparse low-rank nonlinear
signals matrices models



Low-dimensional signal models

e This tutorial:

Low-dimensional models
based on
linear representations

RN | RN

sparse low-rank
signals matrices




Linear representation of low-dimensional models

e A key notion in sparse representation

— synthesis of the signal using a few vectors

e A slightly different mathematical formalism for generalization

| Al
Synthesis model: T = E a;C; a;, € A, ¢c; >0
a;: atoms

A: atomic set

e., linear (positive) combination of elements from an atomic set
[Chandrasekaran et al. 2010]



Linear representation of low-dimensional models

e A key notion in sparse representation

— synthesis of the signal using a few vectors

e Sparse representations via the atomic formulation

| A a; € A,c; >0

L = E a;C; a;: atoms
i=1 A: atomic set

- Example:
Y= [, ) A= {1, b, =1, o 1)
rank(V) = N o ay, >0
G = 0, otherwise. i=1,...,L

SO Batc 72 a; < 0;
oL 0, otherwise.



Linear representation of low-dimensional models

e Basic definitions on low-dimensional atomic representations

|A| K < N

a; € .A, c; >0
L — E a;C;
1 leillo < K




Linear representation of low-dimensional models

e Basic definitions on low-dimensional atomic representations

Al K <N
a; € .A, c; >0

L — E a;C;

i1 leillo < K

- conv(A) : convex hull of atoms in A azg
1710 1 0 . ay
S A =
o

conv(A)={>.aifi:a; € A, B eRL, Y Bi=1,n=12,...,|A|}



Linear representation of low-dimensional models

e Basic definitions on low-dimensional atomic representations

|A| K < N

a; € .A, c; >0
L — E a;C;
i—1 ”C’LHO < K

- conv(A) : convex hull of atoms in A

AL A

atomic ball

conv(A)={>.aifi:a; € A, B eRL, Y Bi=1,n=12,...,|A|}



Linear representation of low-dimensional models

e Basic definitions on low-dimensional atomic representations

|A| K < N

a; € .A, c; >0
L — E a;C;
i—1 ”C’LHO < K

- conv(A) : convex hull of atoms in A

AL AT

- ngHA : atomic norm*

o[

~

|z||4 =inf{t >0:x €t x conv(A)}

*: requires A to be centrally symmetric



Linear representation of low-dimensional models

e Basic definitions on low-dimensional atomic representations

|A| K < N

a; € .A, c; >0
L — E a;C;
i—1 ”C’LHO < K

- conv(A) : convex hull of atoms in A

AL AT

- ngHA : atomic norm*

=Y ]\

|z)|4 =inf{t>0:2 etxconv(A)} lela=32

*: requires A to be centrally symmetric



Linear representation of low-dimensional models

e Basic definitions on low-dimensional atomic representations

|A| K < N

a; € .A, c; >0
L — E a;C;
i—1 ”C’LHO < K

- conv(A) : convex hull of atoms in A

AL AT

- ngHA : atomic norm*

=Y ]\

lzfla =5

|z||4 =inf{t >0:x €t x conv(A)}

| Al | Al
Alternative: ||z| 4 = inf {Zc@ L x = Zaic@-, c; > 0,Va; € A}

1=1 1=1

*: requires A to be centrally symmetric



Linear representation of low-dimensional models

Examples with easy forms:

e sparse vectors
A= {%e;} ¥,
conv(.A) = cross-polytope
|z]].4 =[]+

e Jow-rank matrices
A={A:rank(A) =1, ||Al|r = 1}
conv(A) = nuclear norm ball
][4 = [|]]

e binary vectors
A= {1}V
conv(.A) = hypercube

lzlla = =]l

A

v

v

*symmetric
matrices



Linear representation of low-dimensional models

Examples with easy forms:

e sparse vectors

Examples with no-so-easy forms:
v A : infinite set of unit-norm rank-one tensors
e /d VA finite (but large) set of permutation matrices
v A : infinite set of orthogonal matrices
v A : infinite set of matrices constrained by eigenvalues
v A : infinite set of measures

v A : finite (but large) set of cut matrices
[Chandrasekaran et al. 2010]

X

conv(.A) = hypercube

lz)la = |z o /
VA

v




Linear representation of low-dimensional models

Pop-quiz:

L1t conv(.A)

What is ||x|/4?

|z||4 =inf{t >0:2 €t x conv(A)}



Linear representation of low-dimensional models

Pop-quiz:

HINT: - 4 r -
14 | conv(.A) 1 —1
A = O, O Nxalle =1

G ={2,3}

What is ||x|/4?

|z||4 =inf{t >0:2 €t x conv(A)}



Linear representation of low-dimensional models

Pop-answer:

O =

14 conv(.A) L] -1
! A { 0 |.llzcllz=

What is ||x|/4?

|zlla = [z1] + [Jzall2

G = {2,3}




Towards algorithms: a geometric perspective

Other key concepts: | C\

e ConeC: z,yeC=tr+wyeclC,Vt,we R,

»
|



Towards algorithms: a geometric perspective

Other key concepts: | C\

e ConeC: z,yeC=tr+wyeclC,Vt,we R,

»
|

e Tangent cone of x* with respect to ||z*|| 4conv(A):

Ta(z*) = cone{z — z™ : 2[4 < [lz*[l.a}

|z* ]| aconv(.A) |
y\ }

|

v




Towards algorithms: a geometric perspective

Other key concepts: | C\

e ConeC: z,yeC=tr+wyeclC,Vt,we R,

»
|

e Tangent cone of x* with respect to ||z*|| 4conv(A):

Ta(z*) = cone{z — z™ : 2[4 < [lz*[l.a}

Ta(x*)
.4 Tangent cone
S 2 is the set of descent
directions where you
x* do not increase the

atomic norm.

A 4

|2*|| aconv(.A)



Towards algorithms: a geometric perspective

Other key concepts: | C\

e ConeC: z,yeC=tr+wyeclC,Vt,we R,

»
|

e Tangent cone of x* with respect to ||z*|| 4conv(A):

Ta(z*) = cone{z — z™ : 2[4 < [lz*[l.a}

y—TA(ﬁ*) +a”
.4 Tangent cone
2= P is the set of descent

directions where you
x* do not increase the

> atomic norm.

|2*|| aconv(.A)



Towards algorithms: a geometric perspective

e

Null space of ®&: N (®)
dv =0, Yv € N(P)



Towards algorithms: a geometric perspectlve
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M x 1 Mx N (M < N)

N x 1




Towards algorithms: a geometric perspective

M x 1 Mx N (M < N)

Consider the criteria:

a

P =arg min 7]




Towards algorithms: a geometric perspectlve

z'.-ﬁ

M x 1 Mx N (M < N)

!l:.

N x 1

%] aconv(A) Consider the criteria:

A~

P =arg min 7]




Towards algorithms: a geometric perspectlve

1.-4-; .ﬂ
g

M x 1 Mx N (M < N)

N x 1

%] aconv(A) Consider the criteria:

A~

P =arg min 7]




Towards algorithms: a geometric perspectlve

z'.-ﬁ

M x 1 Mx N (M < N)

!l:.

N x 1

| [|.aconv(A) Consider the criteria:

A~

P =arg min 7]




Towards algorithms: a geometric perspectlve

e Y

M x 1 Mx N (M < N)

N x 1

||| aconv(A) Key observation:

N(®) N Ta(z") = {0} =

r* =arg min ]l




Towards algorithms: a geometric perqu?ctive

xXr n
- -h-
How about noise? = . +
- L
M x 1 Mx N (M < N) M x1
— N x 1
|* | aconv(A) In| <o

Ta(x*)
\ | min  ||z||4
r:l|lu—dx|| <o




Towards algorithms: a geometrlc perspectlve

How about noise?

M x 1 Mx N (M < N) M x1

”’Hﬁiﬁ
= +

N x1

Stability assumption:
. |Pv]| = ellv||, Vv € Tia(z")




Towards algorithms: a geometrlc perspectlve

How about noise?

-

M x 1 Mx N (M < N) M x1

N x1

Stability assumption:
. |Pv]| > €l[v], Vv € Tia(z")

Note that if N (®)NT4(x*) = {0}
= [[®v]| > 0,Vv # 0



Towards algorithms: a geometrlc perspectlve

How about noise? = l. E ; ! E i

M x 1 Mx N (M < N) M x1

l*{|.aconv(A)

N x1

Stability assumption:
|Pv]| = ellv||, Vv € Tia(z")

want epsilon large

to minimize overlap
between ||z*|| 4conv(A)
and |u — ®z|| <o

N(®)
For this 2D example: || v|| > [|v| sin(p) min; ||®(4, :)]]
Matlab notation I



Towards algorithms: a geometrlc perspectlve

mn
How about noise? = _— ﬁ E + i

M x 1 Mx N (M < N) M x1

N x1

|| aconv(A) Stability assumption:

|Pv]| > el|vll, Vv € Tia(a™)

Ta(x*)
\ T =arg $_||UIP$%||<J||$||A

= [lo* -3 < 22




Towards algorithms: a geometric perspecti\gbe )
Can we guarantee the following?* . =
* T
N(®) NT4(z") = {0} =
Mx1 M x N (M < N)

N x 1

l*[].4conv(A)

*without knowing x*



Towards algorithms: a geometric perspective

u P Tr*
Can we guarantee the following?* E _ F::E.: -ﬁ
N(®) NTa(z*) = {0} .‘EJ -

M x 1 M x N (M < N)

YES: with randomized measurements!
N x1

|z* || 4conv(.A) — :
Gordon’s Minimum Restricted

Singular Values Theorem has a
probabilistic characterization.

Prob(min, ||®v]|| > €)

Y N() o € Ta(z®), o] = 1

probabilistic

deterministic
[Gordon 1988]

*without knowing z* We have a lot more to say on this later.



Towards algorithms: a geometric perspecti\gbe )
Can we guarantee the following?* _ F::E. -ﬁ
N(®) N Ta(") = {0) g uE
M x 1 M x N (M < N)

N x 1

l*[].4conv(A)

Key concept:
width of the tangent cone!

\ RN
Gordon’s Minimum Restricted
. | Singular Values Theorem has a
" | probabilistic characterization.

N(®)

*without knowing x*




Towards algorithms: a geometric perspective

Can we guarantee the following?*

N(®) N Ty(2*) = {0} A:{[é],[?],[}f]a[_{)l]}

N(@) NTa(xz*) = {0} w.p. 1/2

= ¥ = argxlgl%xHa:Hl

*without knowing 1-sparse ™ and 1-random measurement



Towards algorithms: a geometric perspective

Can we guarantee the following?*

N(®) N Ty(2*) = {0} A:{[é],[?],[}f]a[_{)l]}

N(<I>) NTa(xz*) = {0} w.p. 1/2

= ¥ = argxlgl%xHa:Hl

e LT et LS D )
N(@)NTs(xz*) ={0} w.p. 1/3

= ¢* = arg m% ||| 4

A=

*without knowing 1-sparse x£* and 1-random measurement



Towards algorithms: a geometric perspective

Can we guarantee the following?*

N(®) N Ty(2*) = {0} A:{[é],[?],[}f]a[_{)l]}

N(<I>) NTa(xz*) = {0} w.p. 1/2

= ¥ = argxlgl%xﬂa:”l

(AL L L)
N(@)NTs(xz*) ={0} w.p. 1/3

= ¢* = arg m% ||| 4

A= {||lz]ls = 1}
N(@)NT;(z*) = {0} w.p. 0

= r* = arg min |[z||2
z:u=Px

*without knowing 1-sparse x£* and 1-random measurement



Towards algorithms: a geometric perspective

Can we guarantee the following?*

N(®) NTx(x*) = {0}

iy A projected 6D hypercube with 64 vertices

Blessing-of-dimensionality!



http://www.agrell.info/erik/chalmers/hypercubes/

Towards algorithms: a

Pop-quiz:
N(®)NTa(z*) = {0}

A

geometric perspective

V3/2
1/2

_\/5/2
1/2

_\/g/g
-1/2

0
—1

V3/2

0
1 ~1/2

= LR L LA

N(®)NT z(z*) = {0} w.p. 777

)

= z* = arg min ||x|| 4
r:u=>x

What is the probability that
we can determine a 2-sparse x*
with 1-random measurement?



Towards algorithms: a geometric perspective

Pop-answer:

N(®) NTx(x*) = {0}

(L L)
N(®@)NTz(z*) = {0} w.p. 0

= x* = arg min ||z| 5
r:u=dx

Tangent cone is too wide!
Need at least 2 measurements!




Take home messages

Underlying Model Atomic Norm Gaussian Measurements
K-sparse vector in RY {1-norm (2K + 1) log(N — K)

N x N rank-R matrix nuclear norm 3R(2N — R) + 2(N — R — R?)
sign vector {£1}" {so-norm N/2

N x N-perm. matrix Birkoff polytope norm 9N log(N)

N x N orth. matrix spectral norm (B3N* —N)/4

[Chandrasekaran et al. 2010]

convex polytope <> atomic norm

- geometry (and algebra) of representations in high dimensions
geometric perspective <> convex criteria

— convex optimization algorithms in high dimensions

tangent cone width <> # of randomized samples

— probabilistic concentration-of-measures in high dimensions




Convex Algorithms
for Low-Dimensional Models

| SearchEngineJournal.com

...And, this is how you solve
huge-dimensional problems



The classical problem templates
P P lelh =Sl

Criteria seen above have the form

Basis pursuit (BP)

[Chen, Donoho, Saunders, 1998] Hgln Hle s.t. ®x =u

BP denoising (BPDN): :
[Chen, Donohog, S(aunderz, 1998] mﬂ}n Hx”l s.t. ||(I)£I3 — ’LLH% < e

Also well known: LASSO (least absolute shrinkage/selection operator):
[Tibshirani, 1996]

min || ®z — u||3 s.t. ||z| < 7
xr

Allcanbe writtenas € arg min fi(x) + fo(x)
rERN



Convex optimization and proximal algorithms

T € arg min f1(z) + f2(x)

xRN &«

‘ 1 \ :‘*‘\\f‘
')'\. .? e ;:'(' | "5 "(,./‘ﬂ: \.\'
AUN
AR g St i 7
\ ~ A \ | .
" j '/

|
A
o |

f1: RY 5 R data fidelity term: convex, srho‘pth._; / |
1 Copadl ) A
typically:  fi(z) = 5“(1)3; - uH% SR
N _
fo:RY - R=RU{+00} cConvex regularizer
(maybe non-smooth; e.g. ¢1)
(non-convex, later..).

Difficulties: non-smoothness and large dimension (N > 1)



Constrained vs unconstrained formulations

Constrained optimization formulations

r € arg min r € arg min
g min fi(x) ) gxeRNf( x)
s.t. h(z) <v s.t. g(x) <7
can be written as T € arg min f ( ) fg(x)
xRN

0 = x €8

...using indicator functions: LS(ZU) — { too <« g g S

Example: (%) same as

T € arg min f1(2) + tag(e)<v} (7)

Classical example: the LASSO: min H(I)ilﬁ — UH% S.t. HZUHl < T



Convex and strictly convex sets

S isconvexif z, 7' €S =VAe[0,1] M+ (1-N)z' €S8

convex non-convex

S is strictly convex if z,7' € S = VA € (0,1) Az + (1 — )z’ € int(S)

convex, but
not strictly

strictly
convex




Convex and strictly convex functions

Extended real valued function: f:RY — R =R U{4o0}

Domain of a function: dom(f) ={x: f(x) # +oco}

f is @ convex function if

VA €[0,1],z,2" € dom(f) f(Az+ (1 —N)z') < \f(z)

f is a strictly convex function if
VA e (0,1),z, 2" € dom(f) f(Ax+ (1—-Nz') < Af(x)

N N

Vv

+ (1= f(z")

+(1 =N f()

—

: N

7

non-convex convex convex, not strictly

strictly convex



Convexity, coercivity, and minima
f:RY 5 R=RU{+o0}

[ is coercive if  lim f(x) = 400
|@]|—=+o00

iff is coercive, then (G = arg min f(:v) is @ nhon-empty set
Xr

if f is strictly convex, then (G has at most one element

coercive and coercive, not convex, not
strictly convex strictly convex coercive
/\\/ N / N
: * > : : > >
aj \ J

G={x"} é G=10



Euclidean projections on convex sets

Our problem: X € arg :?Elll[{il"l’b fi(x) + fa(x)

0 & z€8
consider fg(a?) — Lg(x) — { Lo <« igs

(convex if S is convex)

1
and fl (a:) — § Hu — ZUHS (strictly convex)

z = argmin fi(z)+ f2(x)
reR™
= argmin||u — z||5

r€eS
— PS (u) (Euclidean projection)




Projected gradient algorithm

Our problem: X € arg ;lél]lRI}L f1 (:I?) + fo (x)

with  fo (:z:) = LS (ZL‘) (S is a convex set)

1
and f1 some function, e.g., f1 (.CC) = §||<I>£E — qu

Projected gradient algorithm:

Tipi1 = Ps (fk — Bk V1 (fk))

1
if f1(x) = §H<I>a:—uH§ %—step size

Lhk+1 — PS (CEk — ﬂk (IDT((I)CIJk — u))



Detour: majorization-minimization (MM)

Problem: Z € arg min f( )
rER™

Q(:U, SBk) is a majorizer of f at Tk
Q(x,z) > f(z), Qxk,xR) = f(TK)

MM algorithm:
Tkt = argmin Q(z, vy)

monotonicity:

f(CUlH—l) < Q($k+1,$k)
S Q(wkaxk)

f(zk)




Projected gradient from majorization-minimization

Our problem: X € arg ;lél]lRI}L f1 (:I?) fo (x)

with f2 (a:) — LS(ZL') (S is a convex set)
and f1 has L -Lipschitz gradient

IV fi(z) = Vfi(a)|| < Ll — 2]

1
e.g. fl(ZE) — §H(I)ZE _qu = L = Amax((I)T(I)) — H(I)H%
Hessian Offlj

...a separable approximation of fl

Q. 21) = frlan) + (@ — 1)V i) + gp-lla - ol



Projected gradient from majorization-minimization

Our problem: T € argar;n%Rr}z f1( )—l-Lg(a?)

Separable approximation of f1

Qz, k) = fi(zr) + (@ — )" V() + =l — 2|3

Q(x, k) is a majorizer of f1, if | B, <

Q(x,xx) + ts(x) is a majorizer fi(x) + ts(x)

MM algorithm:
Tpi1 = argmin Q(x, ) + ts(x)

_argmln —HZU— lek—ﬂkvfl xk || _|_L3( )

T

— Pg (mk — 61.@ Vfl (CEk)) ...projected gradient.



Proximity operators

Our problem: T € arg min f; (33) fo (:E)

rcR™

with fg a convex function

1
and fi(x) = §Hu — x5 (strictly convex)
~ 1 2 _
z = arg min o lu — x| + f2() = prox, (u)

Proximity operator [Moreau 62], [Combettes 01].

Generalizes the notion of Euclidean projection.




Proximity operators (linear)

1
prox; (u) = arg min |lu— [l + f(z) RY —RY)

Classical cases: squared {5 regulizer f(x) = Z||:13||§

]. 2 U
o — ar mln—u—x —:E —
prox;(u) = arg min | 12+ = ll3 -
squared £ regularizer with “analysis” operator f(z) = 72—_HD:13H2
1
proxy(u) = arg min o ju — x5 + —HDl‘H%
= (I+7D'D)™!

if D) is a circulant matrix, O(/N log IN) cost using the FFT



Proximity operator of the {1 norm

1
prox, ., (u) = arg min

2
min = fu— o3 + 7lJo]|

Separable: solve w.r.t. each component: min 7|x| + 0.5(x — u)2
XL

Possible approach: write ‘x‘ — max zx

|2|<1
min max 72z + 0.5(z — v)® = max min 7zz + 0.5(z — u)*
T |z|<1 2[<1 @

— max —0.57%2% + Tzu (forx =u—T2)

12]<1
(u/t = Ju|- T / /
arg max —0.57°2* + rzu = { 1 = u>T /

<
[2|<1 -1 = u< -1

(0 < |ul <7
argmin 7|z| + 0.5(x — w)?* =< u—7 & u>T
; u+T & u< -t

\



Proximity operator of the 61 norm: the “soft”

(0 < |ul <71
argmin7|z| +0.5(x —u) = u—7 & u>7T
v u+7 = u<-—T

soft ¢ soft(u, 7) )

thresholding / = sign(u) max{0, |u| — 7}

—T

/ T z = soft(u,7) = prox,,,

(for vectors, Soft(u, ’7') is applied component-wise)

P-th power of £,, norms  [|z[|5 =) |[a];|”
(

4 3
closed form prox for p € < 1,2, 5 5 3,4}

[ Combettes, Wajs, 2005]



Dual norms, proximity operators, and projections

Dual norm: some norm, |- || : RY — R,
its dual norm:  ||x||" = max (x, 2)
[z]|<1
1 1 )
oual norm of |- [l is || lg . where ~+ — =1 Gl

... simple corollary of Holder’s inequality: xlz < ||$Hp||ZHq
Examples of Holder conjugates: (2, 2), (1,+00), (3/2,3), ...
These concepts are related through:

prox. () =t — Pla:|z|~<1} (1)

[ Combettes, Wajs, 2005]



Dual norms, proximity operators, and projections
PrOX..| (u) = u — Plg: o) <r} (0)
This relation underlies our earlier derivation of pl“OXH,H1

prox ., () = v — Pao)| o <r} (1)

|2l|0o = maxq|[z];]}

It's all separable,

prox, . (u) = u — Pz <} ()

(uw = |u <7 t soft(u, 7)

=u—< —T <= u<-—-T . /
| 7 ~— u>T / p pe
= soft(u, 7)




Dual norms, proximity operators, and projections
PrOX..| (u) = u — Plg: o) <r} (0)

This relation allows deriving pI“OXH.HOO and pI“OX||,||2

projection on the 51

prOXH,HOO(u) —u _[P{w=||w||1§7}(u)] ball of radius T
O(nlogn)
prox|. i, (4) = u — Plg |z, <r} (u)

U <= Nulls <7
— Uu —
Tu/|lull2 <= Julz2>7

T axdo, fufly — )

2

vector soft thresholding



Proximity operators of atomic norms

PrOX..| (u) = u — Plg: o)<} (0)
These relation allows deriving prox operators of atomic norms:

|z|| 4 =inf{t >0:x €t conv(A)}

The dual of an atomic norm ball:

* J— J—
|||y = ” gﬂljé%@ _ nax A)<z,x>

— max{(a, ), a € A}

Plajalysry(u) =arg  min  |lu—az|3

_ . 2
ProxX, . ,(u) = u —arg <a’x>félflva€A lu — |3



Proximity operators of atomic norms: fl

Deriving pI"OXTH,H1 from the atomic norm view

(1] [0 0] [—17 "0
el =llela )L L0
. IR
ey o ={e1,€2,....,N, —€1, ..., —€EN }
D, Al =2N
|

|24 = maxi(a, z), a € A} = maxq|[z]s[} = [|z]|o

pI‘OXTH,”]L (u) = Uu — P{$:||m||oog7-} (u)
= soft(x, 7)




Proximity operators of atomic norms: foo

Deriving Prox..

[l oo

(1] [-1T
|zl =ll2lla 4 )" |}
) [
= {—1,+1}¥
Al =2V
|z]|*% = max{{a,x), a € A} =

from the atomic norm view

BE

—1

Z ]

ey

—1

il = [zl




Proximity of atomic norms: matrix nuclear norm

Matrix nuclear norm: || X||, = Zai(X) — Z \/)\i(XTX)

I X[« =[Xlla A={Z:rank(Z)=1,||Z||r =1}
rank(Z) = |[{0(Z) # 0}
Frobenivs norm | Z|[F = > _[ZI}; = Y 07(2)

X% =max{(Z,X), Ze A}

\

— max {Zaz-(Z)az-(X), rank(Z) = 1, 203(2) =1

/

= Omax(X) = || X]||2 spectral norm




Proximity of atomic norms: matrix nuclear norm

Euclidean matrix projection: Ps(X) = arg Iangl |Z — XH%'
S

Note: for any unitary matrix U (UTU = I,UUT = I)
|UM||7 = trace (M'UTUM) = trace (M" A) = | M||7

prox, .. (X) = X — Pz, z|,<r} (X)

singular value — UAVT — P{Z:OmaX(Z)ST}(UAVT)

diagonal matrix \/
[Lewis, Malick, 2009]

= Udiag(diag(A) — Pygi(ja| <) (diag(A))) VT

= Usoft(A, T)VT singular value thresholding (svt)



Proximity of atomic norms: matrix spectral norm

Matrix spectral norm: || X||2 = omax(X)

Xl =1Xlla A={Z:Z2"Z=1}={Z:0,(2) =1, ¥}

orthogonal matrices
| X% = max{{Z, X), Z € A}
= max 4 ZU,,;(Z)UZ-(X), o,(Z)=1,V;

\ ’i y

:Zgi(X) = || X ||« nuclear norm




Proximity of atomic norms: matrix spectral norm

PI”OXT||.||2(X) =X — Pz z). <r}(X)

=UAV" — Pz z).< (UAVT)

singular value

diagonal matrix =U (A — P{Z:Zi o, ()<t} (A)) VT

residual of projection of the singular
values on an {1 ball of radius T



Proximity and atomic sets: vectors vs matrices

vectors matrices

norm Prox atomic set norm prox atomic set

goo residual of A = N spectral | residual of | 4 = setof
projection {ﬂtl} S:V. PrOJ. | 3|l orthogonal
”ZCHOO on {1 ball N HX”Z on £1ball | matrices
Al =2
62 A — setofall | £ phanius .A = all
vector sc_>ft vectors with matrix soft| matrices of
HZEHQ thresholding norm 1 HXH threshold. | unit Frobenius
|A| — 00 F norm.




Proximal algorithms

Back to the problem: T € arg a{IelIan fi(x) + fa(x)

with fg a proper convex function

1
and f1 has a L -Lipschitz gradient; e.g. f1(z) = §H@x — ul|3

with L = )\maX(CI)*CI))
separable majorizer (G, < 1/L)

Q(z,xr) = fi(wr) + (& — )" Vfi(ar) + oo Qﬁk |z — @ |3
majorization-minimization algorithm
T1 = argmin Q(z, zx) + f2(z)
—argmin 5|z (o1 — AV A + ol

Lk+1 = PIOXg, +, (iﬁk — Bk Vi (%))



Proximal algorithms: convergence

f(z)
Problem: T € arg min £f1( )—I—fz(zv)]

rER"™
1 2
f1 has a L -Lipschitz gradient; e.g. f1(x) = §H<I>x — ul|5
Iterative shrinkage/thresholding (IST) L= )‘maX((I)*(I))

(or forward-backward)
[CBkH — Proxg, £, (lek — Bk V 1 (xk))]
1 | |
if 3, < — , IST is a majorization-minimization algorithm, thus

f(@rt1) < fag)
f(x) >0, thus (f(x1), f(x2), ..., f(zk), ...) converges.

Attention: this does not imply convergence of (33‘1, veey Ll )




Proximal algorithms: convergence

PG = agmin i)+ o
IST algorithm: Tj41 = ProXg, r, (azk — B V1 (ka))
~ ~

2
if 0 < G < 7 ther (21, T2, ..y Thy -..)

converges t intin GG
\_ onverges to a po errors
Inexact version: (

Tk+1 = Proxg, g, («’L'k — (Bk Vfi(xr) + bi) ) + ag

convergence still guaranteed if

o0 o0
Y llarl <oo ST byl < oo
k=1 k=1

Results and proofs in [Combettes and Wajs, 2005]




Proximal algorithms: convergence

Convergence of function values (f(x1), ..., f(xk), ...) = f(Z)

>H<TT

Convergence of iterates (wl, L2y .. % x

Convergence rates (for function values) [Beck, Teboulle, 2009]:

L||lzo — Z||3
2 k

flak) = f(Z) <

Convergence rate for the iterates require further assumptions onf



Proximal algorithms: convergence of iterates

N .1
T = arg min 5HCID:I: — |5 + fo(z)

With L = Apax(®*®) | = Apin (" P) >0 = G = {7}

k =1/L (condition number) (unique minimizer)

Under- (y < 1) or over-relaxed (y > 1) IST

Tr1 = (1 —v)xp + vy prox,, (wk — BT (®xy, — u))

2 1=k
L+1 (p_l—l—/i

Q-linear convergence  ||zx11 — Z|| < pl|lzr — X

Optimal choice 7y =

Small [ = p < 1 = slow convergence!
P S

[F, Bioucas-Dias, 2007]



Proximal algorithms: convergence of iterates
1
2
With L = Apax(®“P); using a step-size 8 < 2/L,
11 = soft (azk — <I>T(<I>xk —u), 67')

% € G = argmin ||®z — ull; + 7z
I

ZC{1,2,...,n} suchthat € G = [L/U\]Z =0

AN

Then, after a finite number of iterations: [:Ijk]g — [x]z =0

After this, Q-linear convergence: | = \,n (P3P z) > 0
2 1 —&

Optimal choice = — —
P & L+1 [_ P =1 k%

|lzr1 = Z|| < pllor — 7]

[Hale, Yin, Zhang, 2008]



Slowness and acceleration of IST

1

Problem: re G = arg min §H<I>:E — U“g + THCBH1
xXr

IST algorithm: Lk41 — soft (:L’k — ﬁ (I)T((I)il?k — u), ﬁ7'>

IST is slow, if @ is very ill-conditioned and/or T is very small!

Several proposals for accelerated variants of IST

Methods with memory (TwIST, FISTA)
Quasi-Newton methods (SpaRSA)

Continuation, i.e., use a varying 7 (FPC, SpaRSA)



Memory-based variants of IST: FISTA

Fast IST algortinm (FISTA); based on Nesterov’s work (1980’s)
[Beck, Teboulle, 2009]

' 2
FISTA thel = il \/; 4%
tr — 1

Zk+1 = T T (T — Tr—1)

lk+1

Tr11 = soft (zk — 3 CIDT(CI>zk —u), ﬂT)

s flzg) — f(@) =0 (%) (S LH%Q; ffH%)

FISTA: f(x) — f(z) = O (i)

kZ



Memory-based variants of IST: twist

Inspired by 2-step methods for linear systems
[Frankel, 1950], [Axelsson, 1996]

TwWIST (two-step IST):
[Bioucas-Dias, F, 2007]

rpi1 = (@ —B)rr + (1 — a)xp_1 + Bproxg, (:L’k — CIDT(CIka — u))

)\min(q)T(I)) 1 — \/E
)\max((I)T(I)) [p T 1 ‘|‘ \/E TWIST

K =

Q-linear convergence ||CUk+1 — ZU\H E Pka — §|‘

R _1—/4:
/0—1_|_/i IST




Memory-based variants of IST: twist

original Blurred ( B), 9x9, 40db noise restored

- representation coefficients

T €

arg min —HB\IJQU ’U/H% + THZBH1 dictionary (e.g, wavelet
" /

rER" 2 basis, frame, ...)

18
— a=p=1 |

- —— B=B, 16 a=p=l
o - _ﬁ=Bo
g 1.8 full TwIST] - o — full TwIST
b= o TwIST
© Z 12}
> 16 ST wn
2 10 over-relaxed IST
g over-relaxed IST

1.4 8

TwIST
0 200 400 600 800 1000 % 200 400 600 800 1000

iterations iterations



Quasi-newton acceleration of IST: SpaRSA

IST: Tk+1 = PrOXg, £, (xk — Br Vi (xk))

A Newton step (instead of gradient descent) would be:

Tk41 = ProXg, f, (wk — [H(zp)] "V (lek))

Hessian
...computationally too expensive! (matrix of second derivatives)
Barzilai-Borwein approach: 1
[Barzilai-Borwein, 1988], [Wright, Nowak, F, 2009] — 1 ~ H(ajk)
k
1 2
o = argmin |a(zy, — zp-1) — (VF(2r) = VF(@r-1) |2
k

|zk — zrp—1]|3
|®(zr — z—1) I3

i fi(e) = 5|22 —ulf

5, then [, =



Acceleration via continuation
IST: Tgi1 = SOft (azk — <I>T(<I>:13;.c —u), 67')

Slow, if T is small.

Observation: IST (as SpaRSA) benefits from

“warm-starting” (being initialized close to the minimizer)

Continuation: start with large T

slowly decrease T while tracking the solution.
[F, Nowak, Wright, 2007], [Hale, Yin, Zhang, 2007]

IST + continuation = fixed point continuation (FPC)
[Hale, Yin, Zhang, 2007]



Acceleration via continuation

~ . ]‘
€ G = argmin | ®z —ulf; + 7],

‘y
1024 x 4096

u=9%°r* +n 0

SpaRSA monot.
—#— SpaRSA
. =— GPSR-BB
100 f | —=—FPC
SpaRSA monot. w/ cont.
#  SpaRSA w/ cont.
GPSR—BB w/ cont.

CPU time (seconds)

10' 10" 107 10" 10° 10°

TmaX: ||®TYHOO (TZTmaX — EU\:O)



Some speed comparisons

AN b 1
from [Lorenz, 2011] L = arginin §H(I)5’3 _ qu + 7|zl
X

®=[IUR] 7=0.1
(512 x 1536) X with 120 non-zeros

100 200
IST GPSR,




Proximal algorithms for matrices

—~ 1
M € in —||®(M) - U|? M],
arg min = ©(M) — U[f + || M|

linear operator

The proximal algorithm (IST) is as before: /- ...its adjoint

Xjs1 = svt, 5, (Xk By & (D(X,) — U))

Matrix completion: (I)(X) — XQ (subset of entries) ‘Q‘ — P

Unknown M IST APG (FISTA) —
n/r P p/dyr I iter Hsv error iter Hsv error

100/10 5666 3 8.21e-03 7723 61 1.88e-01 655 13 1.06e-03

200/10 | 15665 4 1.05e-02 | 12180 96  2.45e-01 812 12 1.02e-03
500/10 | 49471 5 1.21e-02 | 10900 203 5.91e-01 | 1132 16 7.63e-04
Unknown M FPC (continuation) T APG + continuation
n/r P p/dr [ iter  #sv error iter  #sv error

100/10 H666 3 8.21e-03 | 429 32 1.06e-03
200/10 | 15665 1.05e-02 | 278 49  4.38e-04
500/10 | 49471 5 1.21e-02 | 484 125 5.50e-04

4 10 1.46e-04
3 10 1.02e-04
2 10 8.06e-05

e

=] =I =I

from [Toh, Yun, 2009] ...the importance of acceleration!



Another class of methods: augmented Lagrangian
The problem: min f(x)
xXr

s.t. ®Pxr=u
Penalty parameter

The augmented Lagrangian (AL) /
Lu(w,X) = f(2) + N (@2 — u) + S @z — ul}

The “AL method” (ALM)

(a.k.a. method of multipliers)
[Hestenes, Powell, 1969]

Tp4+1 = argmin L, (z, \g)

Mer1 = Mg + u(Pagr1 —u)

Can be
written as:

ri1 = argmin f(z) + 5[ —u— di 3

di+1 = dp, — (P zr11 —u)

Similar to Bregman method [Osher, Burger, Goldfarb, Xu, Yin, 2005]
[Yin, Osher, Goldfarb, Darbon, 2008]




Augmented Lagrangian for variable splitting

The problem:  min f;(Px) + fo(x)

Equivalent constrained formulation min f1 (Z) -+ f2 ($)
xZ

s.t. Pxr—2z=0

Can be written as . €T
min  f(y) y=1|,
Yy with =
s.t. WYy=0 U =[® — I
ALM: '

(w1, 21) = argmin fo(2) + fo(@) + S| @a — 2 — di3

di+1 = di — (Pxp41 — 2k+1)




Augmented Lagrangian for variable splitting

It may be hard to solve

(w1, 241) = argmin fo(2) + fo(@) + S| @a — 2 — di

Y

Alternative: .
Tp1 = argmin fo(z) + ;—LH‘I)«’B — 21 — die 5

Zk+1 = argmzinfl(z) T ;iH(I)mkH — 2 — dl3

dry1 = di — (Prgr1 — 2k+1)

Alternating directions method of multipliers (ADMM)
[Glowinsky, Marrocco, 1975], [Gabay, Mercier, 1976], [Eckstein, Bertsekas, 1992]

1
51| ®z —ull5 + 7|z

split augmented Lagrangian shrinkage algorithm (SALSA)
[F, Bioucas-Dias, Afonso, 2009]

When applied to T = arg min
X




Augmented Lagrangian for variable splitting

Testing ADMM/SALSA on a typical image deblurring problem

blurred

restored

1
T € argnel]er}l—HB‘IIGU—UHQJFT”CUHl

Objective function

10 .
— TwIST
N FISTA
oy | e SpaRSA |z
------ SALSA
10’ :
. i
10° ; ; :
i & iy
i 5L i
a o1 i
; T R
L o
" S—ct Y S L, S — | S,
104 r r r r C
0 10 20 30 40 50 60

CPU time



Handling more than two functions

7 € arg min folw) + fi(w) + -+ ful2)

fo has a L-Lipschitz gradient fl, cees fn are convex

Possible uses: multiple regularizers, positivity constraints, ...

Generalized forward-backward algorithm [Raguet, Fadili, Peyré, 2011]

Parameters: W1, ...,wn € (0,1), s.t. Zj w; =1

Initialization: k = 0, z(%, ooy Zg, o = Zj:l Wj Z‘g)

repeat until convergence
for ’[, p— ]_ ‘N

L 2 =2+ ProXg, ¢,/ (2 T — 25 — B Vfl(xk)) — Tp

. .
Tht1 = D _jmq Wi Zpyq
k< k+1




Handling more than two functions

z €arg min fi(z) +- -+ fo(z)

ADMM-based method [F

rclR™

f1, cous fn arbitrary convex functions

and Bioucas-Dias, 2009], [Setzer, Steidl, Teuber, 2009]

Parameter: 7Y

Initialization:

repeat u

for

rrr1 = (1/n) X (Wi, — 2

k< k+1

_ 1 n ,,1 n
E=0, 25, .., 20, Ygs - Y

ntil convergence

1=1:n
yl?c—l—l — PIoOX, ¢ (:C’*C - ZIZC)

i ;
e+l = R T Tk — Y1




Non-Convex Algorithms
for Low-Dimensional Models



http://upload.wikimedia.org/wikipedia/en/c/c3/Dora_Maar_Au_Chat.jpg

Motivation

Discrete descriptions of low-dimensional models
|‘A| a; < .A, HCZ”O

L = E a;C; a;: atoms
i=1 A: atomic set

A={A:rank(A) =1, | Allr =1}

Example: reflectivity of Lambertian surfaces [Basri and Jacobs 2001]

Intensity = pmax{(n,1),0}



Motivation

Discrete descriptions of low-dimensional models
Al a; € A, ||cillo

L — E a;C; a;: atoms
i=1 A: atomic set

A= {iei}a]:i1

Example: graphical model selection Lol

vertex weights

u=FE, b — E\z' a=1V of the i-th edge

-I - Gauss-Markov graph
_ B W H <>
Mx1 MxN (M<N -
. X N (M < N) H K < node degree of ¢

N x1 [Meinshausen and Buhlman 2006]



Motivation

Discrete descriptions of structure in low-dimensional models
A ai € A lleillo @ +

L = E a;C; a;: atoms =
i=1 A: atomic set

0 200 400 50 100 150 200 250

Typical of wavelet
transforms of natural
signals and images
(piecewise smooth)

0 200 400 50 100 150 200 250 [Baraniuk, C, Duarte, Hegde 2010]




Motivation

Non-convex criteria beyond atomic norms

e 1-bit compressive sensing

u = sign (Px)

- optimization criteria arg min f(x)
z:||z||o<K
[Boufounos and Baraniuk 2008]

RN

f(z) = — (u,sign(®z))
e Compressible signals in weak £4,q < 1
2]y < Ri~'/4

— optimization criteria arg;&i%ﬂﬂb

[Chartrand and Yin 2008]



Non-convexity in this tutorial

e Anything not convex <> too big to cover

convexity is in general a rare condition

e Active research topic with great depth

[Attouch et al. 2010]
Key lesson:

convergence of the projected gradient-descent algorithm

e This tutorial <> a special subset
T € arg miI]lV fl (az) + fg(ﬂ?) (S is non-convex)
Tre
. [ glx) & xz€8
Wit fo(@) = { +o0o = x¢&S
Assumptions:

1. access to the gradient of convex fl
2. tractable/approximate prox of non-convex f2




Can we project onto non-convex sets? \

Running examples (%)

e Sparse signal: only K out of N
coordinates nonzero

— model: union of all K-dimensional subspaces
aligned w/ coordinate axes

T E 2 )

e Structured sparse signal: reduced set of subspaces

(or model-sparse)

- model: a particular union of subspaces
eX: clustered or dispersed sparse patterns

K N

sorted index



Can we project onto non-convex sets? \

Running examples (%)

e Sparse signal: only K out of N
coordinates nonzero

— model: union of all K-dimensional subspaces
aligned w/ coordinate axes

T E 2 )

e Structured sparse signal: reduced set of subspaces

(or model-sparse)

- model: a particular union of subspaces
eX: clustered or dispersed sparse patterns

X .
Mk

K

sorted index N T & ZMK



Can we project onto non-convex sets?

= arg min - Ly — 2l + falz) = prox, (y)

e Analysis of the prox for structured sparse sets g(z) =0
proxy, (y) =arg min |z —y||
TLEXM g

support of the solution <> modular approximation problem

Supp (arg min:c:supp(:c)EMK ||5Ij _ y”%) — arg minS:SEMK ||(y)3 — y“%

K indexing

set



Can we project onto non-convex sets?

= arg min - Ly — 2l + falz) = prox, (y)

e Analysis of the prox for structured sparse sets g(xz) =0

proxs,(y) = arg  min  [lz —y]|
TLEXM g

support of the solution <> modular approximation problem

Supp (arg min:c:supp(:c)EMK ||$ - y”%) = arg minS:SGJ\;lK ||(y)3 - y“%

= arg maxs.sc af, {”9”2 — [[(y)s — y“%}



Can we project onto non-convex sets?

= arg min - Ly — 2l + falz) = prox, (y)

e Analysis of the prox for structured sparse sets g(xz) =0

proxs,(y) = arg  min  [lz —y]|

TLEXM g

support of the solution <> modular approximation problem
Supp (arg min:c:supp(:c)EMK ||$ - y”%) = arg minS:SGJ\;lK ||(y)3 - y“%
= argmaxg,se i, Y117 = (W)s — vll3}

= arg maXS:Sej\;[K || (y)3||2



Can we project onto non-convex sets?

= arg min - Ly — 2l + falz) = prox, (y)

e Analysis of the prox for structured sparse sets g(xz) =0

proxy,(y) = arg min [lz —y]|

TLEX M g

support of the solution <> modular approximation problem
Supp (al’g minmzsupp(ﬁc)EMK ||'GC — y“%) = argIMaxs.gc M F(S, y)

where F(S;y) =>,cs luil*



Can we project onto non-convex sets?

= arg min - Ly — 2l + falz) = prox, (y)

e Analysis of the prox for structured sparse sets g(xz) =0

proxs,(y) = arg  min  [lz —y]|

TLEXM g

support of the solution <> modular approximation problem
Supp (al’g minmzsupp(ﬁc)GMK ||'GC _ y“%) — algIMMaXxXs.gc M, F(S, y)

underlying optimization problem <> integer linear program

supp (argmin {pTz 12 € EMK})
z
z; € {0, 1} : support indicator variables pi = —|yil?
[Kyrillidis and C, 2011]



Can we project onto non-convex sets?

= arg min - Ly = 22+ fala) = prox, (y)

e Analysis of the prox for structured sparse sets g(z) =0

proxy, (y) = arg min |z —y||

EX M e
support of the solution <> modular approximation problem
Supp (al’g MiNly.supp(z)eMx 1T — y||§) = argmaxg.seaq, £'(5:9)
underlying optimization problem <> integer linear program

Class of problems we can tractably solve: PMAP
= Polynomial time modular epsilon-approximation property

Se, 1 — €) max S;
( y) ( ) SeMyg ( y) [Kyrillidis and C, 2011]



A

Can we project onto non-convex sets? M RV
K

PMAP-0:
e Matroid structured sparse models:

M=(N,ZTC2M), N={1,...,N}

N ground set
Z: base set
Definition:
non-emptiness 1. ) ¢ T
heredity 2. AcZand BCA=BecTl
exchange 3. A,B €T and |A| > |B| = de€ A\ B such that Bu{e} €7

[Nemhauser and Wolsey, 1999]



A

Can we project onto non-convex sets? M RV
K

PMAP-O:
e Matroid structured sparse models:

M=(N,ZTC2M), N={1,...,N}

N ground set

Z: base set
Definition:

non-emptiness 1. ) ¢ T
heredity 2. Ae¢Z7and BCA=BeTl
exchange 3. A,B €T and |A| > |B| = de€ A\ B such that Bu{e} €7

Let N = {1,2,3,4}, The smallest matroid that contains {1,2} and {3, 4}
is 27?77

[Nemhauser and Wolsey, 1999]



A

Can we project onto non-convex sets? M RV
K

PMAP-O:
e Matroid structured sparse models:

M=WN,ITC2N), N={1,...,N}

N ground set

Z: base set
Definition:
non-emptiness 1. ) ¢ T
heredity 2. Ae¢Z7and BCA=BeTl

exchange 3. A,B €T and |A| > |B| = de€ A\ B such that Bu{e} €7

Let N = {1,2,3,4}, The smallest matroid that contains {1,2} and {3, 4}

=1 ¢, by the non-emptiness property
{1}, {2}, {3}, {4}, {1,2}, {3,4}, by the heredity property
{1,3},{1,4}, {2,3}, {2,4} by the exchange property

¥



A

Can we project onto non-convex sets? M RV
K

PMAP-O:
e Matroid structured sparse models:

M=WN,ITC2N), N={1,...,N}

Definition: 1. ) €Z
2. AcZand BCA=BeTl
3. A,B €T and |A| > |B| = de€ A\ B such that Bu{e} €7

Greedy basis algorithm efficiently solves arg maxs.Sc m ZiES wi2

sort N in decreasing order by weight w?
start with empty set: So =0

1. R; = {r; € N\ S;} while keeping the order

2. = argmaxj{w?- (JeRH)N(S;U{j}eD)}

3. Siy1 =S, U{r}




Can we project onto non-convex sets? M RV
K

PMAP-O:
e Matroid structured sparse models:

M=(N,ZTC2M), N={1,...,N}

Definition: 1. ) €Z
2. AcZand BCA=BeTl
3. A,B €T and |A| > |B| = de€ A\ B such that Bu{e} €7

Greedy basis algorithm efficiently solves matroid constrained problems

Examples:
1. uniform matroid: Z ={S: S C N, |S| < K} Y] o)

prox,(y) = arg min |z —y||

T TEX K

hard thresholding! K
Hg (y)

sorted index N



A

Can we project onto non-convex sets? M RV
K

PMAP-O:
e Matroid structured sparse models:

M=WN,ITC2N), N={1,...,N}

Definition: 1. ) €Z
2. AcZand BCA=BeTl
3. A,B €T and |A| > |B| = de€ A\ B such that Bu{e} €7

Greedy basis algorithm efficiently solves matroid constrained problems

Examples: [Kyrillidis and C, 2011]

1. uniform matroid <> simple sparsity

intersection with the following matroids (result is still a matroid!*)

2. partition matroid <> distributed sparsity
3. graphic matroid <> spanning tree sparsity
4. matching matroid <> graph matching sparsity

*: in general, the intersection of two matroids is not a matroid.



A

Can we project onto non-convex sets? M RV
K

PMAP-O0:
e Linear support constraints:

T € 2 M,

Definition: =, = U supp(z), where 3 :={z € {0,1}" : Az <b}
Vz€E3

A and b <> integral
first row of A <> all 1's
first entry of b <> K

[Kyrillidis and C, 2011]



A

Can we project onto non-convex sets? M RV
K

PMAP-0:
e Linear support constraints:

T E 2 M,

Example: neuronal spike model Jd/w

z € {0,1}V: binary support variables

-+

Definition: =, = U supp(z), where 3 :={z € {0,1}" : Az <b}
21 +2m+ ...y <K

Vz€E3
/\PJ 10 ms
z21+20+...+2A <1

u P

|
2o+ 23+ ...+ 2a41 <1 - ..- =
T n -..

ZN-A+1 F2Z2N—At2+ ...+ 2y <1

EEE EEEEEEEECEEE Q -
>
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Can we project onto non-convex sets? M RV
K

PMAP-O0:
e Linear support constraints:

T E 2 M,

Definition: =, = U supp(z), where 3 :={z € {0,1}" : Az <b}
Vz€E3

We can use LP can relax the LS constrained ILPs:
|2

arg min {pTz 20,11V, Az < b} pi = —|yi
z

...but, when is the result binary?



A

Can we project onto non-convex sets? M RV
K

PMAP-O0:
e Linear support constraints:

T E 2 M,

Definition: =, = U supp(z), where 3 :={z € {0,1}" : Az <b}
Vz€E3

LP can exactly solve the LS constrained ILPs:

arg min {pTz 2z € [0,1]Y, Az < b} pi = —|yil®

...when A is totally unimodular (TU)*! [Nemhauser and Wolsey, 1999]

- the determinant of each square submatrix is {-1,0,1}

Examples: interval matrices, perfect matrices, network matrices

*: if we want LP relaxation to work for all b, TU is a necessary condition.



A

Can we project onto non-convex sets? M RV
K

PMAP-0:
e Linear support constraints:

T € 2 M,

Definition: =, = U supp(z), where 3 :={z € {0,1}" : Az <b}

VzE€3
Example: neuronal spike model JJ ///\,J
z € {0,1}¥: binary support variables /U“ W oo

—

-t

21+ 20+ ... +z2y < K
21+ 22+ ...+2a <1

w b
[ I
ZQ+23—|—...—|—ZA+1§]. _ TU — .- -..
- "

IN-A+1 F2N-Ar2t+ ...+ 2nv <1

—

>

r
EEE EEEEEEEECEEE Q -~

[Hegde, Duarte, and C, 2009]



A

Can we project onto non-convex sets? M RV
K

PMAP-O:
e prox-sparse models

Definition: define algorithmically!
rox = ar min T — =0
prox, (y) =arg_ min |z~ y| e

[Kyrillidis and C, 2011]



A

Can we project onto non-convex sets? M RV
K

PMAP-0:
e prox-sparse models

Definition: define algorithmically!
rox = ar min T — =0
prox, (y) =arg_ min |z~ y| e

Example: clustered sparsity models

- tree-sparse <> dynamic program

— cClustered sparse <> dynamic program

[Baraniuk, C, Wakin 2010; Baraniuk, C, Duarte, Hegde 2010]



Can we project onto non-convex sets?

Pop-quiz: A prox with convex and non-convex terms

Let us consider Jf2(z) = ||z|1 + L{m:||x||0§K}(fE) g(x) = [|z1

proxy, (y) = arg min —Hy — |3 + fa(x)

Is it PMAP-0?



Can we project onto non-convex sets?

Pop-answer: A prox with convex and non-convex terms

Let us consider fo(z) = ||2||1 + t{z:|z)jo< k) (T) g(x) = [|lz]}1

1
proxy, (y) = arg min |y — z|3 + f2(x)

supp (proxy, (y)) = arg sox, F(S:y)

F(Say) — %||y||2 — mina}:supp(:ﬂ)zs %”y — .CC“% -+ ||$||1

= F(S;y) = > ,cs W} 30

S 20;
w? = y; x soft(y;, 1) — Llsoft(ys, 1)|2 — [soft(y;, 1)]

i —

10}

o

Hard thresholding followed by soft thresholding!

10

< O

YES: certified PMAP-0



A

Can we project onto non-convex sets? RV

PMAP-epsilon: F(S;y) > (1 - ) maxgeu, F(S;y)

Knapsack
multi-knapsack constraints
weighted multi-knapsack

Ex: Nested group sparse
problems

quadratically-constrained

Define algorithmically!

approximate solutions for
computational reasons

M|

g4

O OO0

g1 g2 g3 gs Ye

ZW%SG 20+ 24 <1
; R

selector
variables

Zi € {O, 1},\7’&.

23 +24 <1

[Kyrillidis and C, 2011]



A

Can we project onto non-convex sets? M RV
K

PMAP-epsilon: F(S;y) > (1 - ) maxgeu, F(S;y)

e Knapsack T € X\,

multi-knapsack constraints

weighted multi-knapsack g4

Ex: Nested group sparse - @ >

problems g1 g2 gs 95 Yo
quadratically-constrained Z'U%Z{S G Ttz <l
e Define algorithmically! " selector
variables %3t 7 =1

approximate solutions for

computational reasons z € {0,1}, Vi

e Pairwise overlapping groups <> quadratic binary w/ cardinality cons.
%Zi . Zizi S G}

we can only approximate... and epsilon is large!

maxs. st F(Sy) = =min { S [1®)ging, 13202 = X 19,



Can we project onto non-convex sets?

PMAP-epsilon: F(S;y) > (1 - ) maxgeu, F(S;y)

e Knapsack
multi-knapsack constraints
weighted multi-knapsack

Ex: Nested group sparse
problems

quadratically-constrained
e Define algorithmically!

approximate solutions for
computational reasons

A

M|

RN

T E 2 M,

g4

O OO0

g1 g2 g3 g5 g6

ZW%SG 20+ 24 <1
; R

selector
variables

Z; € {O, 1},\7’&.

23—|-Z4§1

e Pairwise overlapping groups <> quadratic binary w/ cardinality cons.

e Multi-knapsack + multi-matroids

[Lee et al., 2009]

we can only approximate... and epsilon is large!



Can we project onto non-convex sets?

Matrix examples!

e Rank constrained projections prox;, (Y) = ang:rarI}ljzg)SRHX —Y|r



Can we project onto non-convex sets?

Matrix examples!

e Rank constrained projections prox;, (Y) = ang:rarI}l}%%)SRHX — Y|

arg min || X -Y|rp=arg min || X —-UAyVT|p singularvalue
X:rank(X)<R X:rank(X)<R decomposition




Can we project onto non-convex sets?

Matrix examples!

e Rank constrained projections prox;, (Y) = ang:rarI};g)SRHX — Y|

arg  min || X —Y|p=arg min || X -UAyV?|F
X:rank(X)<R X:rank(X)<R

= arg min ||UTXV . AY"Fln\{arlance to
X:rank(X)<R unitary transform




Can we project onto non-convex sets?

Matrix examples!

e Rank constrained projections prox;, (Y) = ang:rarI};g)SRHX — Y|

arg  min || X —Y|p=arg min || X -UAyV?|F
X:rank(X)<R X:rank(X)<R

=U (arg  min || X — Ay|p) %4
X:rank(X)<R

sparse approximation problem!




Can we project onto non-convex sets?

Matrix examples!

e Rank constrained projections prox;, (Y) = ang:rarI};g)SRHX — Y|

arg  min || X —Y|p=arg min || X -UAyV?|F
X:rank(X)<R X:rank(X)<R

= UHp(Ay)VT

singular value (hard) thresholding




Can we project onto non-convex sets?

Matrix examples!

e Rank constrained projections prox;, (Y) = ang:rarI}ljzg)SRHX —Y|r

arg  min || X —Y|p=arg min || X -UAyV?|F
X:rank(X)<R X:rank(X)<R

= UHp(Ay)VT

singular value (hard) thresholding

e Non-convex spectral projections <> sets described by their
eigenvalue properties

— exact projections > > basic operations on eigenvalues

[Lewis and Malick 2008]



Can we project onto non-convex sets?

Matrix examples!

e Rank constrained projections prox;, (Y) = ang:rarI}ljzg)SRHX —Y|r

e Non-convex spectral projections <> sets described by their
eigenvalue properties

e epsilon-approximate projections (note the difference with PMAP)
HpI’OXj;2 (Y) — YHF < (]. + E) mianrank(X)SR HX — Y“F
Two highlights:

— structure from randomness/power methods [Halko, Martinsson, Tropp, 2010]

— column subset selection approaches [Boutsidis, Mahoney, Drineas, 2010]



Recovery algorithms for low-dimensional models

Now that we have projections...

Non-convex (N) Convex AL Probabilistic

K
combinatorial /
manifolds

A common criteria covering a broad set of applications:

Encoding atomic norm / compressible /

convex relaxation sparse priors

miny |Ju — ®(X)[|? s.t. X =S+ L, [|S||p < K,rank(L) < R

— affine rank minimization, matrix completion, robust PCA...

[Candes and Recht 2009; Waters, Sankaranayanan, Baraniuk, 2011]
A common algorithm: projected gradient

1S5]lo = #{5: # 0}



Recovery algorithms for low-dimensional models

To highlight the salient differences, we will consider

Non-convex (N) Convex AL Probabilistic

K
combinatorial /
manifolds

compressive sensing recovery

Encoding atomic norm / compressible /

convex relaxation sparse priors

min |Ju — ®z|?
z:l|zllo<K

A common algorithm: projected gradient

[ z]lo = #{z: # 0}



A tale of two algorithms

e Soft thresholding f(z) = llu — ®z?

ming,| ., < f()




A tale of two algorithms

e Soft thresholding f(z) = llu — ®z?

N |4, <x J(2)

Structure in optimization:

(1) fly) = fl@)=(Vf(@)y—2) = |2(y—2)| Vz,y € RY,



A tale of two algorithms

e Soft thresholding f(z) = llu — ®z?

Ming |z, < f(2) (2)

U(za,z1) = f(x1) + (Vf(21), 22 — 21) + §[|z2 — 21|

majorization-minimization f(y)

. . 1
arg min U(z,y) =arg min ||z — (y — Evf(y))”

]l <A 2l <A
. 1)
St{jz), <a3 (1) = arg ||ﬁ|111<1>\ lz — ¢ L) o
1> ' i i
z e {flzlls < A} (T2l | T .
Key actor: "least absolute shrinkage” .

Tit1 = Styjaf, <y (@i — TV (20))

[®(y — )] Vz,y € RV,
Ly —z||> L =2|®|*Vz,y e RY,

IA



A tale of two algorithms

e Soft thresholding f(z) = llu — ®z?

ming. |, <x f () 2) L'>1L

U(za,z1) = f(x1) + (Vf(21), 22 — 21) + §[|z2 — 21|

slower

R
re {|lz], <A} o—2 1 .

)

Lit+1 = St{||a:||1§A} (337, - %vf(aj?:))

oy — )| va,y € RY,
slly —=z|*  L=2|2|,Vz,y € RY,

IA



A tale of two algorithms

e Soft thresholding

mMing,| ., <x f(7)

e Is x* what we are
looking for?

local “unverifiable”
assumptions:

re {|lz], <A} o2 1 .

*

— ERC/URC/RSC condition L

— coherence based conditions ...

(local - global / dual certification)
[Buhlmann and van de Geer 2011]



A tale of two algorithms (%)

e Hard thresholding f(z) = llu — ®z?

Ming. ||z(|,<x f(2) (2)

1
arg min Ul(x —arg min |z — ——V
g min Ule,y) = arg min o= (s = 7V/)]

f(y)

Hyy, —=arg min |lx—t
(lzlo<rcy(t) = arg min iz —1

Key actor: “hard thresholding”
ALGO: sort and pick the largest K



A tale of two algorithms (%)

e Hard thresholding f(z) = llu — ®z?
Ming. ||, ,<x f(T) (2)
1 U(.CIZQ,ZEl)
arg min U(xz,y) =arg min ||:c—(y——Vf(y))||

[zllo<K zllo<K

H = —t
(lzlo<icy () = arg min | —]

percolations @y 71 €Y

yEEK« ......... —_— e+ — — — - >

Tit1 = Hyjoo<xy (2i — £V (1))

What could possibly go wrong with this naive approach?
[C, 2011]



A tale of two algorithms (%)

e Hard thresholding f(z) = llu — ®z?
min, o< £(@) 2) Fw) M

Global “"unverifiable” assumption:

Redlp
{E315;

(1-9dx) < < (1+40k), Vx € Tk
RIP condition M = O(K log(N/K))
—> we can tiptoe among percolations!

62K<1/3 :132 ExlezK

1
another variant has d3x < 1/2 Tit1 = Hyja)o<iy (I’t T Lok Vf(%'))

(1) ) = fle) = (Vf(x),y —x) |2(y — 2)|° Vz,y € RY,
(2)  fly) = flx) =(Vf(x),y —x) Ly — 2| Lox = 2(1 + d2k), Y2,y € Tk,
B fly) = flx) —(Vf(x),y —x) B lly — 2|*  por = 2(1 — dax), Y,y € X,

AVAVANI



Restricted Isometry Property

{1 y= P2’}

e Model: K-sparse coefficients

Remark: implies convergence of
convex relaxations also
e.g., 0o < .465 is sufficient for BP

e RIP: stable embedding

RN (1—5K)S%§(1+5K), Ve € i
2
RM
Tr1 —
IID
sub-Gaussian
matrices L1
L2
K-planes M = O(K log(N/K))

[Candes 2008; Baraniuk et al. 2008]



Restricted Isometry Property

e Model: K-sparse coefficients

Remark: implies convergence of
convex relaxations also
e.g., 0o < .465 is sufficient for BP

e RIP: stable embedding

[REdlF

A

RN (1-90r) <

115

11D




Restricted Isometry Property for Matrices!
{': u= P2’}

/

e Model: rank-R matrices

Remark: bi-Lipschitz embedding
of low-rank matrices

e RIP: stable embedding

U 112

1 —90p) < H(I)X-H%< 14+90 VX : k(X)) <R
( R) < HX||2 _( + R), : ran ( )_
F

[Plan 2011]

sub- Gau55|
matrlces

M = O(R(QN R))



Projected gradient method for non-convex sets

e Model-based hard thresholding f(z) = |lu — ®z|?

minaz:xEEMK f(ﬂ?) (2) f(y) (3)

Global “"unverifiable” assumption:

|Pz|3

2 < (14 0um,), V2 € T,
z]15

Hyyg (F) —arg min [l — |
: K

[Baraniuk, C, Duarte, Hegde 2010]
Key actor: non-convex projector

?JEEK« ....................... >
5M2K<1/3
Tit1 = HEMK (37% - LNLKV (152))
(1) fy) — f@) = (Vf(@)y—a) = [®(y—2)|? vz,y € RY,
(2)  fly)—f@) = (Vi@)y—a) < 2y gzl Ly, =201+ pt), V2,9 € Satase
3)  fly)—fl@) = (Vf(@)y—a) > ey — 22 g = 201 = Sntr ) Ve, ¥ € Saipes



Example: tree-sparse recovery

e Model: K-sparse coefficients
+ significant coefficients
lie on a rooted subtree

e Sparse approx: find best set of coefficients

— sorting
— hard thresholding

e Tree-sparse approx: find best rooted subtree
of coefficients
— condensing sort and select  [Baraniuk]
— dynamic programming [Donoho]
[Baraniuk, C, Duarte, Hegde 2010]



Example: tree-sparse recovery

e Model: K-sparse coefficients

e RIP: stable embedding

P2

RN (1 —-0r) < BE < (1+6dk), Vz € Tk Iy
R
I1 = —
IID
sub-Gaussian
matrices L1

X2

K-planes M = O(KIlog(N/K))



Example: tree-sparse recovery

e Model: K-sparse coefficients
+ significant coefficients
lie on a rooted subtree

e Tree-RIP: stable embedding

\ B b2 M = O(log [Mk])

Tr1 CD

—> Cbiljl

[F—

IID
sub-Gaussian
matrices

L2

X2

K-planes M=0O(K)<O(KIog(N/K))



Example: tree-sparse recovery

e Number samples for correct recovery

e Piecewise cubic

signals + 12t [.=-- Standard rem*:rery e
wavelets — Model-based recovery T
10 o _
e Models/algorithms: | e O(K log N)
— compressible s L.
(CoSaMP) o
- tree-compressible
(tree-CoSaMP) O(K)
4;—-—-_-_-—-‘
10 11 12 13 14 15
log,(N)

[Baraniuk, C, Duarte, Hegde 2010]



Recovery algorithms for low-dimensional models

The Clash Operator

) Convex - Probabilistic

N

Non-convex (
K

Encoding combinatorial / atomic norm / compressible /
manifolds convex relaxation sparse priors

Example Mt o< i |u — | min o, < [|u = ][ E{x|u}

A|gorithm IHT, CoSaMP, SP, ALPS, Basis pursuit, Lasso, Variational Bayes, EP,

OMP... basis pursuit denoising... | Approximate message

passing (AMP)...

ZB\Clash = arg minm:HazHOSK,HmHlS)\ ||u - CI)'T||2

[#llo = #{x: # 0}
[Kyrillidis and C, 2011]



Recovery algorithms for low-dimensional models

T = argmin||z|o s.t. u = dx x = argmin||x]1 s.t. u = Px

{1 uv= dz'}

"Everything is _
N\ difficult before it N ’
‘ becomes EASY" AN P




Recovery algorithms for low-dimensional models

e A subtle issue

T = argmin||z|o s.t. u = dx

<€

{z': u= P2’}

A
N

|lzllo =1 /

/

2 solutions!

v

R

Which one is correct?

x = argmin||x]1 s.t. u = Px

{z'

u= dz'}




Recovery algorithms for low-dimensional models

e A subtle issue

T = argmin||z|o s.t. u = dx

{z': u= P2’}

A
N

|lzllo =1 /
<€

/

2 solutions!

v

R

“Greed is good.” — Joel Tropp 2004

x = argmin||x]1 s.t. u = Px

{z'

u= dz'}




Recovery algorithms for low-dimensional models

e A subtle issue

T = argmin||z|o s.t. u = dx

<€

{1 u= P2’}

A
N

lzllo =1 /

/

2 solutions!

v

_

Which one is correct?

x = argmin||x]1 s.t. u = Px

{7’

u = bz}




The CLASH algorithm

combinatorial selection Hyjjzo<xy (t) = arg i |z — ¢
+ 0>
least absolute shrinkage Sty|a,<x}(t) = arg min ||z —¢||

lz]la <A




The CLASH algorithm

combinatorial selection Heu (y) = arg min |z —y|
+ K
least g/bsolute shrinkage Stef),<a (t) = arg min |z — |

combinatorial origami

+
2



http://lions.epfl.ch/CLASH

Recovery algorithms for low-dimensional models

The Clash Operator

) Convex - Probabilistic

N
K

Non-convex (

Encoding combinatorial / atomic norm / compressible /
manifolds convex relaxation sparse priors

Example Mt o< i |u — | min o, < [|u = ][ E{x|u}

A|gorithm IHT, CoSaMP, SP, ALPS, Basis pursuit, Lasso, Variational Bayes, EP,

OMP... basis pursuit denoising... | Approximate message

passing (AMP)...

ZB\Clash = arg minm:HwHOSK,HmHlS)\ ||u - CI)'T||2

The idea is much more general
x it = i lu — @zf|?
Normed Pursuit = &I Mg || z| o <K, ||z||. <X ||U 2y

z]lo = #{z: # 0}
[Kyrillidis, Puy, and C, 2012]



Recovery algorithms for low-dimensional models

e Using projected gradient with exact non-convex projections
with RIP/ERC/URC/RSC...

e Exact low-dimensional model

- noise-free measurements: exact recovery
— noisy measurements: stable recovery

e Approximately low-dimensional model

— recovery as good as K-model-sparse approximation

N [z = zmille,

|z — x|, < C1log 112 Coe
recovery signal K-term noise
error model approx error

[Baraniuk, C, Duarte, Hegde 2010]



Recovery algorithms for low-dimensional models

e Using projected gradient with exact non-convex projections
with RIP/ERC/URC/RSC...

e Exact low-dimensional model

- noise-free measurements: exact recovery
— noisy measurements: stable recovery

e Approximately low-dimensional model

— recovery as good as K-model-sparse approximation

N [z = zmille,

|z — x|, < C1log 112 Coe
recovery signal K-term noise
error model approx error

- the bound remains qualitatively the same for other models!!!



Recovery algorithms for low-dimensional models

e Projected gradient with (non)exact non-convex projections
without RIP/ERC/URC/RSC...

¢ Not much!

— convergence to stationary point with Kurdyka-Lojasiewicz

[Attouch et al., 2010]



Examples

lu — ®z|*

Structured Sparsity

T = arg min
2:5upp(2) EX M g |2 [« <A
CLASH
—Lasso

=== (LASH

e =[[zflo < k. 22 < A ]

\ j"-'.

— [ 2880

e I
T € ZMK”JJHl <A P eeamssmsa==

.
..

Yamm?

e[l = 0.05

D 1 1.5

= 0.5 === z]lrv < A
" [z)lo < k. |l2fl7y <A .-

-
we”
-
"-..' 'ﬂ'
A apgmm=®

[Kyrillidis, Puy, and C, 2012]



Examples

Coded Aperture Snapshot Spectral Imager

System Schematic

Sensing Process



http://www.disp.duke.edu/projects/CASSI/index.ptml

L

xamples

¥
Total
variation

479 nm

637 nm

TWIiST results are @

4 4 =
x


http://www.disp.duke.edu/projects/CASSI/index.ptml

L
X
Q)
3
=i
(D
0

I

TV-CLASH

=

587 nm

TV + sparsity in wavelets
[Kyrillidis, Puy, and C, 2012]




Acceleration of non-convex algorithms

o S | h
everal approaches Tiv1 = Hsu (yi — i VI(yi))

step-size selection Yir1 = Tit1 + Ti(Tip1 — T4)
memory based methods [T T [—=0-ALPS0) BT
similar to Nesterov i 1-ALPS(0) - 7; = opt - [118]
i | mWIHT - [373
acceleratlor? / double 107k e[ ATHT - [107.5]
overrelaxation 3 ' e 1-ALPS(2) - 7; = 0Pt - |70
. =107
non-convex splitting v E S HE
- - 107k ﬁ
(adaptive) block HEH i Rl ER HEia _ _ _
coordinate descent R """"" A e AR RSB SO NS W
107k s ;
epsilon-approximate RN O A S SN AL S SS R
an e C i 1 i i i i i
projections 10 100 200 300 400 500 600 700 SO0 900

# of iterations
[Kyrillidis and C, 2011]



Acceleration of non-convex algorithms
144 x 176 x 200

e Several approaches
step-size selection

memory based methods
similar to Nesterov
acceleration / double
overrelaxation

non-convex splitting

(adaptive) block
coordinate descent

epsilon-approximate
projections

15.8s L
[Zhou and Tao 2011; Kyrillidis and C, 2012]




Final remarks

e non-convex algorithms <> low-dimensional scaffold

— possible performance gains

- non-convexifiable priors

- matching prox operator with
optimal space/time bounds

complexity of structured approximation

e non-convex algorithms VS.
— no clear winner / scenario dependent

— decades of research in both




References

M. Afonso, J. Bioucas-Dias, M. Figueiredo, “Fast image recovery using variable splitting and constrained
optimization”, IEEE Transactions on Image Processing, vol. 19, 2010.

H. Attouch, J. Bolte, P. Redont, A. Soubeyran, “Proximal alternating minimization and projection methods for
nonconvex problems: an approach based on the Kurdyka-Lojasiewicz inequality”, Math. Oper. Research, 2010

0. Axelsson, Iterative Solution Methods, Cambridge University Press, 1996.

R. Baraniuk, V. Cevher, M. Duarte, C. Hegde, “"Model-based compressive sensing”, IEEE Transactions on
Information Theory, vol. 56, 2010.

R. Baraniuk, M. Davenport, R. de Vore, M. Wakin, “A Simple Proof of the Restricted Isometry Property
for Random Matrices”, Constructive Approximation, 2008.

R. Baraniuk, V. Cevher, M. Wakin, “Low-dimensional models for dimensionality reduction and signal
recovery: A geometric perspective”, Proceedings of the IEEE, vol. 98, 2010.

J. Barzilai and J. Borwein, “Two point step size gradient methods,” IMA Journal of Numer. Anal., vol. 8, 1988.
R. Basri, D. Jacobs, “Lambertian Reflectance and Linear Subspaces”, IEEE Transactions on Pattern Analysis
and Machine Intelligence, vol. 25, 2003.

A. Beck, M. Teboulle, “A fast iterative shrinkage-thresholding algorithm for linear inverse problems,” SIAM
Journal on Imaging Science, vol. 2, 2009.

J. Bioucas-Dias, M. Figueiredo, “A new TwIST: Two-step iterative shrinkage/thresholding algorithms for image
restoration,” IEEE Transactions on Image Processing, vol. 16, 2007.

P. Boufounos, R. Baraniuk, “"1-bit compressed sensing”, Proceedings of the Conference on Information
Science and Systems, Princeton, 2008.

C. Boutsidis, M. Mahoney, P. Drineas, “An improved approximation algorithm for the column subset selection
problem”, Proc. 20th Annual ACM/SIAM Symposium on Discrete Algorithms, New York, NY, 2008.



References

P. Bihlmann, S. van der Geer, Statistics for High-Dimensional Data, Springer, 2011.

E. Candes, “The restricted isometry property and its implications for compressed sensing”, Comptes Rendus
Mathematique, vol. 346, 2008.

E. Candes and B. Recht, “Exact matrix completion via convex optimization”, Foundations of Computational
Mathematics, vol. 9, 2009.

L. Carin, R. Baraniuk, V. Cevher, D. Dunson, M. Jordan, G. Sapiro, M. Wakin, “Learning low-dimensional
signal models”, IEEE Signal Processing Magazine, vol. 28, 2010.

V. Cevher, "An ALPS view of sparse recovery”, Proc. ICASSP, 2011.

V. Chandrasekaran, B. Recht, P. Parrilo, A. Willsky, “The convex geometry of linear inverse problems”,
submitted, 2010.

R. Chartrand, W. Yin, “Iteratively reweighted algorithms for compressive sensing”, Proc. ICASSP, 2008
S. Chen, D. Donoho, M. Saunders, “"Atomic decomposition by Basis Pursuit”, SIAM Review, vol. 43, 2001.

P. Combettes, V. Wajs, “Signal recovery by proximal forward-backward splitting”, SIAM Journal Multiscale
Modeling and Simulation, vol. 4, 2005.

J. Eckstein, D. Bertsekas, "On the Douglas-Rachford splitting method and the proximal point algorithm for
maximal monotone operators”, Mathematical Programming, vol. 5, 1992.

M. Figueiredo and J. Bioucas-Dias, “Restoration of Poissonian images using alternating direction optimization”,
IEEE Transactions on Image Processing, vol. 19, 2010.

M. Figueiredo, R. Nowak, S. Wright, “Gradient projection for sparse reconstruction: application to compressed
sensing and other inverse problems”, IEEE Journal of Selected Topics in Signal Processing, vol. 1, 2007.



References

D. Gabay, B. Mercier, “A dual algorithm for the solution of nonlinear variational problems via finite-element
approximations”, Computers and Mathematics with Application, vol. 2, 1976.

R. Glowinski, A. Marroco, “Sur I'approximation, par elements finis d’ordre un, et la resolution, par
penalisation-dualité d'une classe de problemes de Dirichlet non lineares,” Rev. Francaise d’Automatique, 1975.

Y. Gordon, “"On Milman's inequality and random subspaces which escape through a mesh in R"”, in
Geometric Aspects of Functional Analysis, Springer, 1988.

E. Hale, W. Yin, Y. Zhang, “Fixed-point continuation for I1-minimization: Methodology and convergence”,
SIAM Journal on Optimization, vol. 19, 2008.

N. Halko, P.-G. Martinsson, J. Tropp, “Finding structure with randomness: stochastic algorithms for
constructing approximate matrix decompositions”, SIAM Review, vol. 53, 2011.

C. Hegde, M. Duarte, V. Cevher, "Compressive sensing recovery of spike trains using a structured sparsity
model”, Proceedings of SPARS'09, Saint-Malo, France, 2009.

M. Hestenes, “Multiplier and gradient methods”, Journal of Optimazion Theory andApplications, vol. 4, 1969.
A. Kyrillidis, V. Cevher, “Recipes for hard thresholding methods”, Tech. Rep., EPFL, 2011.

J. Lee, V. Mirrokni, V. Nagarajan, M. Sviridenko, “*“Non-monotone submodular maximization under matroid
and knapsack constraints”, Proc. 41st Annual ACM Symposium on Theory of Computing, Bethesda, MD, 2009.

A. Lewis, J. Malick, “Alternating projections on manifolds”, Math. of Operations Research, vol. 33, 2008.
D. Lorenz, “Constructing test instances for basis pursuit denoising”, submitted, 2011.

N. Meinshausen, P. Buhlmann, “High-dimensional graphs and variable selection with the lasso”, The Annals
of Statistics, vol. 34, pp. 1436-1462, 2006.

J.-]. Moreau, “Proximité et dualité dans un espace hilbertien,” Bull. Soc. Mathematiques de France, vol. 93, 1965,



References

G. Nemhauser, L. Wolsey, Integer and combinatorial optimization, Wiley, 1988.

S. Osher, M. Burger, D. Goldfarb, J. Xu, W. Yin, “An iterative regularization method for total variation-based
image restoration”, SIAM Journal on Multiscale Modeling and Simulation, vol. 4, 2005.

Y. Plan, "Compressed sensing, sparse approximation, low-rank matrix estimation”, PhD Thesis, Caltech, 2011
M. Powell, "A method for nonlinear constraints in minimization problems”, in Optimization, Academic Press, 1969.
H. Raguet, J. Fadili, G. Peyré, “Generalized Forward-Backward splitting”, Tech. report, Hal-00613637, 2011.

S. Setzer, G. Steidl, T. Teuber, “"Deblurring Poissonian images by split Bregman techniques,” Journal of Visual
Communication and Image Representation, 2010.

K.-C. Toh , S. Yun, “An accelerated proximal gradient algorithm for nuclear norm regularized least squares
Problems”, Pacific Journal of Optimization, vol. 6, 2010.

A. Waters, A. Sankaranarayanan, R. Baraniuk, "SpaRCS: recovering low-rank and sparse matrices from
compressive measurements”, Neural Information Processing Systems, 2011.

S. Wright, R. Nowak, M. Figueiredo, “Sparse reconstruction by separable approximation,” IEEE Transactions
on Signal Processing, vol. 57, 2009.

W. Yin, S. Osher, D. Goldfarb, J. Darbon, “"Bregman iterative algorithms for I1-minimization with applications
to compressed sensing”, SIAM Journal on Imaging Science, vol. 1, 2008.

T. Zhou, D. Tao, “Godec: randomized low-rank & sparse matrix decomposition in noisy case,” Proc. International
Conference on Machine Learning, Bellevue, WA, 2011.



