Neural Networks and Machine Learning
Solutions of the Exam of 29/1/2007

Notes:

« The solutions are presented here in a brief manner, justhfoistudents to be able to check whether the way in
which they solved the problems was right or not. The “cabgfistified manner” requested in the exam required
some more detail than what is given here. For example, itiredyresenting all calculations.

« The numerical values that you have obtained may slightliedifom the ones presented here, depending on the
specific way in which you performed the roundings (e.g. on moany digits you've kept in each step and on
whether you used truncation or rounding to the nearest@njeglso note, however, that you should have retained
at least three digits after the decimal point in all caldolas (of course, they could be omitted if they were zero).

Problem 1

Consider the following multilayer perceptron

The units of the first layer have as activation function (imoedrity) the hyperbolic tangent function. The unit of the
second layer (which produces outpy) is linear. The training set is
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The initial values of all weights are 0.5. The cost functierttie total squared error.

1) Draw the backpropagation network. Indicate, by meansppf@priate symbols, the gains of all branches. Also
indicate, by means of appropriate symbols, all the vargalffede values) that you will need to compute to
perform the calculation requested in item 2) below.

2) Compute the value of weight after the first update, using backpropagation éal-time mode, assuming that
the training set is repeatedly presented to the network thightraining patterns in the order given above. The
training is performed with a step size parameter 0.1 and with no momentum term.

Solution

1) The backpropagation network is

2) We shall number the units of the first layer as 1 (top) anddtdim), and the unit of the second layer as 3. We
shall designate by; andy;, respectively, the input sum and the output of uniThe corresponding variables



in the backpropagation network are designated pgnd;, respectively, as shown in the preceding figure. The
sigmoids of the units of the first layer shall be designatedsthy. The network’s outputs are designated &y
and o, respectively. The output errors ate = 0 — d; andey = 02 — dy respectively.

Since training is performed in real-time mode, the weigihtsugpdated after the presentation of each pattern. The
first update is performed after the rpesentation of the fitiepn. The values obtained in the forward propagation
pass, for the first pattern, are given in the following talete thato; = y; and, since the unit 3 is linear,

02 = y3 = s3. Only oy andoy are shown in the table.

X1 o | dy ds S1 01 S2 | Y2 02 €1 €2
1] -1 1| -1|-05|-0462] 0 0 | 0.269| —1.462 | —0.731

The contribution of the first pattern to the cost functiontls = (e})? + (el)?, where the upper index refers to
the number of the pattern. We'll omit the upper index fromehen, except in&! itself.

According to the backpropagation ruE! /d0c = x43,, wheres; is obtained from the backpropagation network,
usingdE! /do; = 2e; as inputs to that network. The values that need to be compatéidd OE! /dc are:

h=5(s1) = seChQ(sl)

§3 = 262
U1 = 2e1 + g3
51 =0t
1 A~
8;1 = X281
These values are:
61 §3 ?91 §1 6E1/8c

0.786| —1.462 | —3.655 | —2.875 | 2.875

Finally, the new value of is given by

OF!
D =0 — =g, =05-0.288=0212
(&

Problem 2
Consider applying the k-means algorithm to cluster theofaithg set of data points.
7 ={(0,0), (4,0), (0,1), (4,1) }
1) State the truth/falsehood of the following statements:

a) * The performance of the k-means algorithm depends onraiteprate parameter;
Solution: FALSE

b) * The convergence of the algorithm to a solution is usualymptotic;
Solution: FALSE

¢) * The algorithm may converge to a local minimum of its casdtion;
Solution: TRUE

d) * Using a number of centers equal to the number of data paiah lead to a trivial solution with cost
equal to zero.
Solution: TRUE

2) Find two different solutions (fixed points of the iterat)p using two centers, and determine the values of the
cost function for both of them;

Solution: Two possiblé solutions are:{(0,1/2), (4,1/2)}, and {(2,0), (2,1)}. Both solutions are fixed points
of the algorithm, as can easily be checked. The costs, insteifntotal squared error, aré and 16 respectively.

3) Is there any solution with three centers? If your answeffismative, give an example.
Solution: Yes, for instance{(0,0), (0,1), (4,1/2)}.

1In fact they are the only solutions with two centers.



Problem 3

Consider a set of 2-dimensional data points drawn from aivauihte Gaussian distribution with zero mean. A principal
component analysis of that distribution yielded two eigatars,(v/2/2,v/2/2) and(v/2/2, —v/2/2), with eigenvalues
2 and3 respectively.

1) Determine the variances of the distributiarf (@nd #3) along each one of the original data space dimensions.

Solution: The variances? and o2 are the diagonal of the correlation matrik = V DVT. The resulting values
are o} = o3 =5/2.

2) Indicate the principal direction of greater energy (dive direction by means of a vector). What is its associated
variance, in percentage of the total one?

Solution: That principal direction corresponds to the eigenvectottmihe highest eigenvalugi/2/2, —v/2/2).
The fraction of the total energy that it represnts3ig(3 + 2) = 60%.

3) Determine the first principal component of the poif8s2) and (3, —2) (note that what is being requested are
scalars, not vectors).

Solution: The first pricipal component corresponds to the coordindtéhe projection of each point onto the
principal direction determined abové3, 2) projects t01/2/2, and (3, —2) projects to5v/2/2.

4) Reconstruct the points from the first principal comporggtermined above. Then, compute the absolute value
of the reconstruction error for each one of the points. Gigge@ametrical explanation for the disparity of errors
between the two points.

Solution: The reconstruction of each point is computed as the prodfiche corresponding first principal
component (found above) by the normalized principal eigetor: The results arél/2,—1/2) and (5/2,—5/2)
respectively. The absolute reconstruction errors 55&@/2 and \/5/2 respectively. The reason behind this
disparity of values is the fact that the former vector is mafigned with the first principal direction than
the latter.

Problem 4

Note: This problem has a somewhat long introduction, to @rpthe framing of what you're requested to do. That
doesn’t mean that what is being requested is too hard to dadRee whole problem!

Consider a system that is trained, in a supervised way, &ssdlying data into one of two classes. The desired values
are 0 for one of the classes (that we shall ¢&j) and 1 for the other class (that we shall aall). As you probably
know, if the cost function being minimized is the expectetligeof the squared error, if we assume that the system is
flexible enough, and if we also assume that the training esathe absolute minimum of the cost function, then the
system’s output will be an estimate of the posterior prolitgtbP (C |x), wherex is the input pattern.

As you may recall, in our course the proof of this fact was miadiaree steps: (1) considering a system with a fixed
input pattern; (2) generalizing that result to a system wiftut patterns drawn from a countable set; (3) generalizing
that result to a system with input patterns drawn from a ocamtiis distribution. In this problem you'll only be asked
to consider the first step, corresponding to a fixed inputepatt

The squared error is not the only cost function that leadssyflséeem’s output to be an estimate B{C|x). In fact,
there is an infinite number of cost functions that have thaperty. Here we’ll consider the following one:

—2 4l i d=1

%

Clo) =
o if d=0

whereo is the system'’s output and is the desired value.

1) Sketch the graphs of the cost function, for both valued,dbr o € [—2,2]. Indicate the exact locations of the
zeros and of the local maxima and minima.

Note, to facilitate sketching the graphs: ko= 1, C(o) has two roots, ab = —1/2 ando = 1, as you can
easily check. You can easily find the locations of the funtéidocal maxima and minima yourself.

2) Assume that:

« The system under consideration has its outplitnited to the interval0, 1| (for example, the system could
be a multilayer perceptron with a sigmoid varying betweem@ 4 in the output unit).
« The system has a fixed input pattern.



» The values of the desired output are presented randomly, pribabilitiesP(d = 1) = p and P(d = 0) =
1 — p, wherep is some value if0, 1].
« The training uses as cost function the expected valu€ (o defined above.

AssignmentShow that, under these conditions, the absolute minimurheotbst function corresponds o= p.

3) Explain what would happen if we hadn’t placed any limiation the range of permissible valuesofWhich
would be the largest interval to whiehcould be limited, to still keep the absolute minimum of thatdoinction
ato = p for anyp €0, 1[?

Solution

1) Ford = 0, the graph is the well known graph of. Ford = 1, C’(0) = 0* —o. Its roots are ab = 0 ando = 1.
Since the function has a continuous derivative, and s@i@® = 1/6 andC(1) = 0, o = 0 is a local maximum
ando =1 is a local minimum. The graphs are the following, o 0 (left) and ford = 1 (right):

2) The cost function, which is the expected valueCtib), is
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Its derivative iSE’ (o) = 0*> — po, which has roots at = 0 ando = p.

The function is a third degree polynomial. It has a contirsidarivative. Furthermore, we have
1

E(O) = gp
ﬂm=%@—f)

Since E(0) > E(p), there has to be a local maximumat= 0 and a local minimum ab = p. The function
must decrease if0, p[ and increase ifp, +oo[. Therefore the absolute minimum, for€)0,1[ is ato = p, as
we wished to prove.

3) From the study made in item 2) above, we also concludeRliaj must increase if — oo, 0], and that it must
have a root in that interval. That root is= 0, for p = 0, and is negative fop > 0.

If there were no limitation on the value @f the minimum of E(o) would be ato = —oco. The optimization
would then lead to decrease, without end, towardsc.

If 0 is limited, on the left, to a value; lower than or equal to the negative root®fo), there will be an absolute
minimum of E(o) at o;. Since that negative root goes @ioasp — 0, o cannot be limited, on the left, to any
value lower than 0, for the absolute minimum Bfo) to stay ato = p for all p €]0, 1].

Since E(o0) increases irp, +oo, there is no need to put any limit to the value @bn the right: the absolute
minimum of E(o) will still stay at o = p if o is unbounded on the right. Therefore, the largest intexvathich
o can be limited ig0, +oco|.



