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ABSTRACT

In this paper, we focus the attention on the superresolution
of multispectral (MS) multiresolution images (e.g., Sentinel
2, Aster, MODIS). By taking advantage of the high spatial
resolution bands, we minimize an objective function contain-
ing a quadratic data fitting term, an edge preserving regular-
izer, and a patch-based plug-and play prior promoting self-
similar images. To cope with the ill-posedness of the problem
we i) exploit the fact that the images are approximately low-
rank, and ii) propose a hierarchical method which sharpens
in the first place the medium resolution bands and then the
coarse resolution ones. The optimization is solved with the al-
ternating direction method of multipliers (ADMM), yielding
a fast, flexible, and effective solver, named Superresolution
MUltiband multireSolution Hierarchical approach (SMUSH).
Quantitative and qualitative results obtained on simulated and
real Sentinel 2 (S2) images show the SMUSH effectiveness.

Index Terms— Superresolution, Alternating direction
method of multipliers, Total Variation (TV), self-similarity.

1. INTRODUCTION

Optical images acquired by satellite-borne sensors allow a
global coverage of the Earth’s surface for large-scale monitor-
ing applications. However, the physical limits of the optical
system impose a constraint on the achievable spectral/spatial
resolutions. Accordingly, multiresolution MS images are typ-
ically acquired to guarantee high spatial resolution in the vis-
ible range, while the spectral bands suited for specific mea-
surement (e.g., vegetation analysis, aerosol detection) are pro-
vided at lower spatial resolution.

To produce an enhanced MS products, a number fusion
methods have been introduced. Most of them focus on the
pansharpening scenario [1], where lower spatial resolution
MS bands are acquired together with a single high spatial
resolution panchromatic image, which is typically taken in
a large spectral range partially overlapped with those of the
MS bands. In contrast, only a few papers have addressed the
superresolution of MS images having different spatial resolu-

tion [2, 3, 4]. In [2] the authors propose a method, based on
wavelet multiresolution analysis, to increase only the spatial
resolution of the 500m spectral bands of MODIS by using the
spatial content of the 250m bands. In [3], an adaptation of
the pansharpening techniques to the specific properties of S2
data is proposed, which derives a panchromatic image from
the four high spatial resolution bands. A similar approach
is presented in [4], where the spatial resolution of the 20m
bands of S2 is increased by selecting a suitable 10m band as
a panchromatic image to perform pansharpening.

In this paper, instead of adapting a pansharpening ap-
proach, we formulate an hierarchical optimization tailored
to the specific properties of MS multiresoluion images. The
proposed approach concentrates sequentially on the medium
and the coarse spectral bands. By taking advantage of the
high spatial resolution bands, we infer the lower resolution
ones, employing isotropic total variation (TV) regularization,
which promotes piecewise smoothness solutions while pre-
serving the edges. Moreover, we exploit the self-similarity
property of the MS images to sharpen the lower spatial reso-
lution bands by using the patch-based BM3D denoiser [5].

The rest of the paper is organized as follows. Sec. 2 for-
mulates the superresolution problem and introduces the algo-
rithm to solve it, Sec. 3 describes experimental results, and
Sec. 4 draws conclusions.

2. PROPOSED SUPERRESOLUTION METHOD

Fig. 1 presents the block scheme of the proposed method.
First, the high resolution bands are employed to sharpen the
medium resolution ones. Then, by taking advantage of the
obtained sharpened images, we increase the spatial resolution
of the coarse bands. Although the proposed method can be
applied to any MS multiresolution image, for the sake of con-
creteness, we refer the notation to the S2 images, character-
ized by bands acquired at 10m, 20m and 60m.

2.1. Problem Formulation and Notation

The spectral bands of the considered images are repre-
sented as column vectors with the pixels arranged in lexi-



Fig. 1: Architecture of the proposed hierarchical approach to superresolution of MS multiresolution images (SMUSH).

cographic order. Let us define the columnwise concatena-
tion of I column vectors ai ∈ Rni , for i = 1, . . . , I, as
(a1;a2; . . . ;aI) := [aT1 ;a

T
2 ; . . . ;a

T
I ]

T ∈ Rn1+n2+···+nI .
Notice that, when all vectors have the same size, (a1; . . . ;aI)
is the so-called vec operator acting on the columns of the
matrix A = [a1,a2, . . . ,aI ].

Let yh ∈ Rnhn be the vertical concatenation of the nh
high resolution bands having size n, ym ∈ Rnm(n/d2m) be
the vertical concatenation of the nm medium resolution bands
having spatial downsampling factor dm and yc ∈ Rnc(n/d

2
c)

be the vertical concatenation of the nc coarse resolution bands
having spatial downsampling factor dc. The observed image
can be represented as y = (yh; ym; yc) ∈ Rnr , with nr =
n · (nh + nm/d

2
m + nc/d

2
c). Let x = (xh; xm; xc) ∈ Rnbn

denote the MS original image we aim to estimate, represented
as a vertical concatenation of the nb spectral bands having
size n (i.e., all bands at the highest spatial resolution), where
xh ∈ Rnhn, xm ∈ Rnmn and xc ∈ Rncn are the original
images corresponding to, respectively, the high, the medium,
and the coarse spatial resolutions.

To estimate the original image x, we need to solve an in-
verse problem, which is ill-posed, since the number of un-
known variables is much greater than the number of observed
variables (i.e., n · nb � nr). To cope with this problem, we
propose i) a dimensionality reduction step, and ii) a hierarchi-
cal approach which concentrates sequentially on the medium,
ym, and the coarse, yc, resolution bands.

2.2. Hierarchical Observation Models

Let ns1 = nh + nm be the number of high and medium
resolution bands. At the first level of the hierarchy, the ob-
served image and the image to be estimated can be defined as
ys1 = (yh; ym) and xs1 = (xh; xm), respectively. By assum-
ing a linear observation model, we may write

ys1 = Ms1Bs1xs1 + ns1 , (1)

where ns1denotes additive noise and Bs1=bkdiag(B1, ..,Bns1
)

and Ms1 = bkdiag(M1, ..,Mns1
), with bkdiag(·1, .., ·ns1

)
representing a block diagonal matrix whose block diago-
nal elements ·1, .., ·ns1

, are convolutions and downsampling
matrices acting on the different bands. For the high spa-
tial resolution bands, the downsampling and the convolution

matrices are the identity matrix I.
At the second level of the hierarchy, we use the estimate of

xm, denoted as x̂m, and part of the observed data to form the
pseudo observed image ys2 = (yh; x̂m; yc). In a way parallel
to (1), we model as ys2 as

ys2 = Ms2Bs2xs2 + ns2 , (2)

where the block diagonal elements of Bs2 = bkdiag(B1, ..,Bnb
)

and Ms2 = bkdiag(M1, ..,Mnb
) are identity matrices I for

the high and the medium resolution bands and convolution
and downsampling mstrices for the coarse resolution bands.

2.3. Dimensionality Reduction Step

To further reduce the number of variables to be estimated,
thus reducing the ill-posedness of the problem, we exploit
the very high correlation between the spectral bands imply-
ing that the original data x and xs1 have low-rank, namely
that the spectral vectors associated to the image pixels lives
in low dimension subspaces. This is to say that the rows
of the matrix [x1,x2, . . . ,xns1

] ∈ Rn×ns1 , where xi for
i = 1, . . . , ns1 are column vectors representing the original
data bands i = 1, . . . , ns1 , are well approximated by linear
combinations of a small number of basis vectors; that is,

Xs1 = [x1,x2, . . . ,xns1
]T = Es1Zs1 ,

where the columns of matrix Es1 ∈ Rns1
×p, with p < ns1 ,

holds the subspace basis vectors and Zs1 ∈ Rp×n holds the
representation coefficients. In the considered implementation,
E is estimated by the Singular Value Decomposition (SVD).

Noting that xs1 = vec(XT
s1), and using the properties of

the vec operator, we may write xs1
xs1 = (Es1 ⊗ I)zs1 (3)

where, zs1 = vec(ZT
s1) ∈ Rpn are the representation coeffi-

cients of xs1 with respect to Es1 . To calculate the subspace,
first we increase the spatial resolution of the medium resolu-
tion bands ym to the high resolution one by means of cubic
interpolation. Then, the high spatial resolution bands yh are
smoothed in order to have the same blurring of the medium
resolution bands, i.e., Bm (see Fig. 1). At the second layer of
the hierarchy, we may rewrite xs2 as follows:

xs2 = (Es2 ⊗ I)zs2 , (4)



(a) Observed image (b) Obtained result (c) Observed image (d) Obtained result
Fig. 2: Superresolution results obtained on the real S2 images acquired in the Barrax area, Spain: (a)-(b) false color composition
of band 8a, 11 and 12 (20m); (c)-(d) false color composition of band 1 and 9 (60m).

where Es2 ∈ Rnb×p represents the p-dimensional basis of
the considered subspace and zs2 ∈ Rpn are the representation
coefficients of xs2 with respect to Es2 . The coarse bands yc
are interpolated at the highest spatial resolution. Differently
from the previous step, we need to smooth the high resolu-
tion bands (yh; x̂m) by the strongest blur, i.e., Bc. We stress
that, to calculate the subspace, we take advantage of the high
resolution estimate obtained at the first level of the hierarchy.

2.4. Optimization Problem

The optimization problems based on our observation models
(1) and (2) for the two hierarchies, are as follows:

minimize
zsi

1

2
||MsiBsi(Esi ⊗ Isi)zsi − ysi ||

2
2+

+ λϕϕ(Dhzsi ,Dvzsi) + λφφ(zsi), i = 1, 2,

(5)

where the quadratic term is the data misfit, the second term
is the total variation of the bands of zsi , thus promoting
piecewise-smooth images (Dh and Dv are linear operators
computing the horizontal and vertical first-order differences),
φ is a non-local patch-based regularizer promoting self-
similar images, and λϕ, λφ ≥ 0 are regularization parameters
controling the relative weight of each regularizer.

The optimization (5) is solved with SALSA [6], which is
an instance of ADMM. By using variable splitting, we rewrite
the optimization (5) in the equivalent constrained format, i.e.,:

minimize
zsi ,v1,v2,v3,v4

1

2
||MsiBsiv1 − y||22 + λϕϕ(v2, v3) + λφφ(v4)

s.t.: v1 = (U⊗ I)zsi , v2 = Dhzsi , v3 = Dvzsi , v4 = zsi
(6)

The augmented Lagrangian for (6) is the following:

L(z, v1, v2, v3, v4,d1,d2,d3,d4) =

=
1

2
||MBv1 − y||22 + λϕϕ(v2, v3) + λφφ(v4)+

+
µ

2

(
||U⊗ I)z− v1 − d1||22 + ||Dhz− v2 − d2||22+

+ ||Dvz− v3 − d3||22 + ||z− v4 − d4||22
)

(7)

where, for simplicity, the penalty parameter µ is the same
for all the constrains. SALSA proceeds by iteratively and
cyclically minimizing Lw.r.t. z, v1, v2, v3, v4 and then updat-
ing the scaled Lagrange multipliers d1,d2,d3,d4. The min-
imization with respect to v1 is a quadratic problem, which
has a closed-form solutions in the frequency domain [7] and
the minimization with respect to v2 and v3 corresponds to a
pixel-wise vector-soft-threshold operation. In the minimiza-
tion with respect to v4, we adopt the “plug-and-play” scheme
[8], which we implemented by applying the well known state-
of-the-art patch-based BM3D denoiser [5] to each band of
z− d4, assuming a noise variance of λφ/µ. For further de-
tails on the “plug-and-play” strategy, including on the conver-
gence of obtained algorithm, see [8].

3. EXPERIMENTAL RESULTS

To assess the performance of the proposed method, we tested
it on real and simulated multiresolution S2 images (see [3]).
The hyperspectral image acquired by the Airborne Prism Ex-
periment (APEX) sensor [9], was employed to simulate the
S2 image and to generate the ground truth (i.e., the superres-
olution S2 image having all bands at 10m). In the presented
experiment, the 60m band containing the cirrus information
needed to perform the atmospheric correction was not con-
sidered. For simulating the ground truth, first we applied a
Gaussian convolution and then downsampled the blurred im-
age by a factor of five (obtained spatial resolution is ≈10m).
The spectral properties of S2 were simulated by applying a
spectral response matrix to the original hyperspectral data. Fi-
nally, i.i.d. Gaussian noise was added with a SNR of 40dB.
The bands of the obtained image were further smoothed and
downsampled to simulate the real S2 image. Thus, down-
sampling factors of 2 and 6 were applied to generate the 20m
and 60m spectral bands, respectively. The Point Spread Func-
tions (PSF) of the Gaussian smoothing used to simulate the
S2 lower resolution bands were selected according to the data
quality report provided by the European Space Agency (ESA)
on S2 products [10]. The subspace E was estimated with
truncated SVD by considering the five singular vectors cor-



Table 1: Relative SNR (dB) between the superresolution im-
age and the ground truth (simulated images) per band for: i)
BICUBIC, ii) TV+BM3D , iii) SMUSH, and iv) ARTPK.

B1 B5 B6 B7 B8a B9 B11 B12
60m 20m 20m 20m 20m 60m 20m 20m

BICUBIC 8.4 16.4 17.5 17.3 17.4 13.4 16.8 13.4
TV+BM3D 22.1 24.3 27.1 29.6 29.8 29.6 18.8 15.2
SMUSH 22.7 24.8 29.0 34.1 34.4 31.7 19.2 15.5
ARTPK - 25.9 30.6 31.1 31.6 - 20.4 16.6

responding to the largest singular values, to preserve the 99%
of the energy of the original image. The algorithm’s param-
eters were the same for all the experiments, i.e., µ = 0.2,
λφ = 0.07 and λϕ = 0.02. We ran the algorithm for 70 itera-
tions considering the TV regularizer for the first 50 iterations,
while introducing the BM3D in the last 20. From a visual in-
spection, the results obtained on real data seem to be reliable
(see Fig. 2). This is confirmed by the quantitative evaluation
performed on the simulated dataset (see Fig. 3). Tab. 1 shows
the SNR obtained per spectral band by comparing the super-
resolution result obtained with the ground truth. To assess
the effectiveness of the hierarchical approach, the proposed
method was compared with: i) the simplest bicubic upsam-
pling (BICUBIC), ii) the same problem formulation applied
directly to the entire image (TV+BM3D), and iii) the ARTPK
presented in [3] considering the “synthesized” version con-
ceptualized in [11], which achieves the best results for the
considered superresolution problem to the best of the authors
knowledge. The results show the importance of decompos-
ing the problem, thus leading to a better estimation of both
the 20 and the 60m bands. Moreover, the results obtained are
competitive with the ARTPK method.

4. CONCLUSION

In this paper, a method for the superresoluton of MS mul-
tiresolution images has been presented. Differently from the
pan-sharpening algorithms i) it can consider more than one
high resolution band, and ii) it does not assume any spectral
overlap between the high resolution and the lower resolution
spectral bands. Although the considered inverse problem is
extremely ill-posed, by taking advantage of the fact that the
images live in a lower dimensional space and by decomposing
the problem according to the proposed hierarchical structure,
we are able to effectively solve it. From the results obtained,
it turned out that the proposed method can accurately increase
the spatial resolution of the lower spectral bands without in-
troducing significant distortion and artefacts. As future devel-
opments of this work, we aim to test the proposed approach
on other multiresolution images.
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(a) Groundtruth (b) Observed image (c) Obtained result

(d) Groundtruth (e) Observed image (f) Obtained result
Fig. 3: Superresolution results obtained on the simulated S2
images: (a)-(c) false color composition of band 5, 6 and 7
(20m); (d)-(f) false color composition of band 1 and 9 (60m).
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