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Abstract— This paper presents a new method to estimate
the parameters of two types of blurs, linear uniform motion
(approximated by a line characterized by angle and length) and
out-of-focus (modeled as a uniform disk characterized by its
radius), for blind restoration of natural images. The method is
based on the spectrum of the blurred images and is supported
on a weak assumption, which is valid for the most natural
images: the power-spectrum is approximately isotropic and has
a power-law decay with the spatial frequency. We introduce
two modifications to the radon transform, which allow the
identification of the blur spectrum pattern of the two types of
blurs above mentioned. The blur parameters are identified by
fitting an appropriate function that accounts separately for the
natural image spectrum and the blur frequency response. The
accuracy of the proposed method is validated by simulations, and
the effectiveness of the proposed method is assessed by testing
the algorithm on real natural blurred images and comparing it
with state-of-the-art blind deconvolution methods.
Index Terms— Image restoration, linear motion and out-offocus blur, natural images, parametric blur estimation.

I. I NTRODUCTION

I

N IMAGE deconvolution/deblurring, the goal is to estimate
an original image f from an observed image g, assumed
to have been produced according to
g = f ∗ h + n,

(1)

where h is the blur point spread function (PSF), n is a set of
independent samples of zero-mean Gaussian noise of variance
σ 2 , and ∗ denotes the two-dimensional (2D) convolution. In
standard deconvolution, it is assumed that h is known. In blind
image deconvolution (BID), one seeks an estimate of the image
f , under (total or partial) lack of knowledge about the blurring
operator h [6], [20], [21]. BID is clearly harder than its nonblind counterpart; the problem becomes ill-posed both with
respect to the unknown image and the blur operator. Simply
put (and because convolution corresponds to a product in the
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Fourier domain), BID can be seen as the problem of recovering
two functions from their product; a clearly hopeless goal, in
the absence of strong assumptions or prior knowledge about
the underlying image and blur. Assumptions about the blur
PSF have included positiveness, known shape (e.g., Gaussian
blur), smoothness, symmetry, or known finite support [6].
There are two main alternative approaches to BID: (i)
simultaneously estimate the image and the blur [1], [2], [9];
(ii) obtain a blur estimate from the observed image and then
use it in a non-blind deblurring algorithm [7], [24]. Most of the
proposed methods are of type (i); in practice, many of those
methods follow the strategy of alternating between estimating
the blur kernel and the image. To do so, prior knowledge
about the image and the blur are usually formalized, under
a Bayesian or a regularization framework. What distinguishes
the different methods is the objective function to be optimized,
which results from the priors/regularizers adopted to model the
original image and the blur PSF [6].
In this paper, we propose a blur estimation technique to
be used in an approach of type (ii). More specifically, we
extend our previous work [33] and introduce a method to
estimate the parameters of a linear uniform (constant velocity)
motion blur or an out-of-focus blur, from the noisy blurred
image, under weak assumptions on the underlying original
image. All the methods proposed in the literature assume
some form of prior knowledge about the image. This is
usually expressed by modeling the statistics of some feature(s),
such as first order differences, the Laplacian, or some other
local operators characterized by sparse representations (e.g.
wavelets, curvelets, DCT). These methods usually depend on
several parameters that need to be obtained a priori, either
from similar images, or manually adjusted.
The method herein proposed does not involve any critical parameter, thus it is, in this sense, truly blind for
the class of blur filters considered. The only assumptions
are that the original image is natural (meaning that it has
an approximately isotropic power spectrum) and that the
blur results from either linear uniform motion or wrong
focusing.
This paper is organized as follows. Section II starts by
reviewing state-of-the-art and related work. Section III-A
presents the natural image model, formalizes the linear uniform motion and out-of-focus blur models and their parameters, and the blurred image spectral model. In Section IV, we
introduce a modified Radon transform, which plays a central
role in the proposed method presented in Section V. Finally,
Section VI reports experimental results, both on synthetic
examples and real blurred natural color images, including
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comparisons with state-of-the-art methods, namely those of
Fergus et al [11], Xu and Jia [47], and Amit et al [13].
II. R ELATED W ORK AND C ONTRIBUTIONS
This section reviews previous BID methods, with emphasis
on those that are closest to the approach proposed in this paper.
Fergus et al [11] introduced a BID method that uses natural
image statistics to estimate the blur kernel; they use ensemble
learning [27], based on a prior on the derivative of the
underlying image, and a variational method to approximate the
posterior. Levin [23] uses the same prior as Fergus et al [11],
but follows a different approach by searching for the kernel
that brings the distribution of the deblurred image closest to the
observed distribution. The blur direction is then estimated as
that of minimal derivative variation and subsequently the blur
length is selected by choosing the best fit using k-tap blurs.
Although the method can in principle work in any direction,
the only results presented are for short horizontal motion blurs.
Shan et al [41] proposed a unified probabilistic framework that iterates between blur kernel estimation and latent
image recovery. To avoid ringing artifacts, the authors use
a model of the spatially random noise distribution and a
smoothness constraint on the latent image, in areas of low
contrast. The effect of these constraints also propagates to
the kernel refinement stage. Xu and Jia [47] proposed a twophase kernel estimation algorithm, based on a spatial prior to
select salient edges, which yields good initial kernel estimates;
subsequently, a kernel refinement stage is carried out, using
an iterative support detection algorithm [46]. The method
avoids hard thresholding of the kernel elements, often used
by other methods to impose sparsity, and achieves state-ofthe-art results. In very recent work, Xu et al [48] proposed an
0 -based image regularizer for motion deblurring.
Goldstein et al [13] proposed a new method for recovering
the blur kernel, based on statistical irregularities of the power
spectrum. Depending on the image nature, large and strong
edges introduce a bias term in the typical power law of natural
images. The method introduces a new model and a spectral
whitening formula to estimate the power spectrum of the
blur. The blur PSF is then recovered using a phase retrieval
algorithm. In the approach followed by Jia [17], the blur PSF is
recovered from the transparency of blurred object boundaries.
Edges were also exploited by Joshi et al [18], who start
by detecting blurred edges and predict the underlying sharp
ones, under the strong assumption that they were originally
step edges; those authors claim that if the image has edges
spanning all the directions, the blurred and predicted sharp
image contain enough information to estimate the blur PSF.
Some approaches try to reduce the ill-posed nature of BID;
e.g., Rav-Acha et al [37] use information of two motionblurred images, while Yuan et al [49] use a pair of images
(one blurred, one noisy). Other methods aim at reducing the
ill-posedness by using specialized hardware [26], [31], [36].
Some blurs are identifiable without resorting to priors or
regularizers, namely if their frequency response has a known
parametric form that can be characterized by its frequency
domain zeros. Two of these are the linear uniform motion
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blur and the out-of-focus blur [8]. Linear uniform motion blur
(a special case of motion blur) is a reasonabe model for small
motions (e.g., a hand-held camera with a moderate exposure
time) and a very accurate model in the context of digital aerial
imaging [25], [12], [22]. For example, the system described
in [22] uses different apertures for the RGB channels, leading
to different exposure times; the resulting image thus suffers
from linear uniform motion blur, with different values on
different channels. The other case herein considered, out-offocus blur, is one of the most common blur types, which occurs
when the camera is not properly focused, thus the focal plane
is away from the sensor plane [3].
The Fourier transform (FT) of the blurs mentioned in the
previous paragraph are sinc-like and Bessel-like functions,
respectively [3], with the distance between consecutive zeros
depending directly on the blur length. The so-called zerocrossing methods rely on identifying these patterns in the
frequency domain; this is often a difficult task, due to noise,
which may degrade the performance of these methods. In order
to circumvent this weakness, some authors have exploited the
non-stationary nature of the images versus the stationarity of
the blur; this is the case of the power cepstral method [4], [35],
which exploits the FT of the logarithm of the power spectrum.
In the cepstral domain, a large spike will occur wherever there
is a periodic pattern of zeros in the original Fourier domain.
The location of this spike can be used to infer the parameters
of the linear motion blur. An extension of this idea led to the
power bispectrum [10], which is more robust to noise.
Recently, the Radon transform (RT) [5] of the spectrum
of the blurred image has been proposed for motion blur
estimation [19], [28]. The idea is that along the direction
perpendicular to the motion, the zero pattern will correspond
to local minima. The motion angle can thus be estimated
as the one for which the maximum of the Radon transform
occurs [28], or that for which the entropy is maximal [19].
The motion blur length is then estimated using fuzzy sets
in [28], and cepstral features, in [19]. Instead of working
directly on the spectrum of the blurred image, the method
in [16] exploits the same ideas on the image gradients. Other
methods exploiting the existence of zero patterns in the Fourier
domain include the Hough transform employed in [39] and the
correlation of the spectrum with a detecting function [44].
Out-of-focus blurs have received comparably less attention, and are usually addressed using general BID methods.
Sun et al [43] used particle swarm optimization and wavelet
transforms, while Moghaddam et al [29] proposed using the
Hough transform of the spectrum; that method requires hight
SNR (>55dB) to be successful.
In this paper, we propose new methods to estimate the
parameters of linear uniform motion blurs (characterized by
the length and direction) and out-of-focus blurs (characterized
by the radius). We improve upon our previous work [33] in
several ways. We introduce a new parametric model, combined
with two modified Radon transforms, which includes two
terms: one that approximates the image spectrum and another
one approximating the blur spectrum (a sinc-like function,
in the motion blur case, and a Bessel function in the outof-focus case). For the linear motion blur case, we propose
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Fig. 1. Proposed discretized kernel for linear motion blur. (a) Bright spot of
light traveling across discrete sensor grid, length L and angle θ . (b) Resulting
kernel—gray shades are proportional to the length of the intersection of the
line segment with each pixel.

to change the integration limits of the Radon transform, and
show that this change improves the angle and length estimation
accuracy: the quasi-isotropic power spectrum of natural images
allow using the same parametric model independently of the
motion angle. For out-of-focus blurs, the zero patterns of
the corresponding Bessel functions in the Fourier domain are
circular; to capture this behavior, we use a circular Radon
transform, which, as far as we know, had not been used before
in the context of blur estimation. These new features allow
accurately estimating longer blurs with sub-pixel precision.
Although our method is parametric, it has several advantages. Firstly, it relies on a weak assumption, which is valid
for most natural images: the power-spectrum is approximately
isotropic and has a power-law decay with respect to spatial
frequency. Secondly, it is faster than statistical methods, as it
does not use any iterations, and scales well with the image
size (the most expensive operation is a single global FFT).
Finally, experimental results show that the proposed method
is competitive with state-of-the-art BID methods.
III. B LUR M ODELS AND S PECTRA
In this section, we introduce the statistical model of natural
images that underlies the proposed approach, and formally
describe the two types of blurs considered.
A. Natural Image Model
A relevant characteristic of natural images [7], [14], [45]
concerns its spectral behaviour. Let F(ξ, η) denote the 2D
FT of an image f (x, y). Consider the family of lines η =
ξ tan  (in the (ξ, η) plane) passing through the origin at angle
. Along these lines, the power spectrum falls off with |ξ |,
roughly independently of ; a standard model for this behavior
is
(2)
log |F(ξ, ξ tan ρ)|  a |ξ |b ,
where a > 0 [7]. As pointed out in [13], spectral irregularities may occur, due to strong edges. These irregularities
may depend on , making a also dependent on . In the
proposed method, however, this effect will be attenuated, as
the different lines of the spectra will be integrated, as explained
in Section IV.

these movements are due to camera translation with no inplane rotation nor changes of focus. We also assume that the
whole scene is far away from the camera, thus the whole image
is equally affected by the motion, yielding a spatially invariant
blur1. This kind of blur occurs in digital aerial imaging, where
the camera travels along a line parallel to the scene (the
ground). It also occurs in small camera movements, when the
length of the blur kernel is small enough.
In a continuous domain [9], a linear uniform motion blur
PSF is a normalized delta function, supported on a line
segment with length L at an angle θ (e.g., with respect to
the horizontal; see Fig. 1 (a)) [3]. The angle θ depends
on the motion direction, and the length L is proportional
to the motion speed and duration of exposure. This model
corresponds to considering a bright spot moving along a
straight line segment centered at the origin.
A discrete version is obtained by considering this bright
spot [9] moving over the image pixels; as this point traverses
the different sensors with constant velocity, and assuming
that each sensor is linear and cumulative, the response is
proportional to the time spent over that sensor. Thus, we obtain
the corresponding intensity of each pixel of the blur kernel by
computing the length of the intersection of the line segment
with each pixel in the grid (see Fig. 1 (b)). To preserve the
energy, the kernel is then normalized.
C. Out-of-Focus Blur
Out-of-focus blurring occurs if the camera is not properly
focused, thus the focal plane is away from the sensor plane. In
this case, a single bright spot spreads among its neighboring
pixels, yielding a uniform disk [3]. The more unfocused the
image is, the larger the radius of this disk. Different depths
maps yield disks with different sizes; thus, we assume that the
focal distance is at infinity. This assumption works reasonably
well for the majority of natural images where the scene is far
away from the camera. Savakis et al [40] showed that a more
accurate (and complex) model of out-of-focus blur does not
improve the restoration quality, comparing with this simple
model. In the continuous case [9], the resulting out-of-focus
blur PSF is thus a normalized disk [3]:


1
,
if
x 2 + y2 ≤ R
2
(3)
h(x, y) = π R
0, otherwise.
In the discrete domain, each PSF value will be proportional
to the intersection area between the continuous blur and the
corresponding pixel. Again, to preserve the energy, the kernel
is normalized. Note that, in this case, a blur is characterized
by only one parameter: its radius R.
D. Blurred Image Spectra
Taking the Fourier transform of (1) leads to
G(ξ, η) = F(ξ, η) H (ξ, η) + N(ξ, η),

(4)

B. Linear Uniform Motion Blur

where F, G, H, and N are the Fourier transforms of f, g, h,
and n, respectively. As usual in deconvolution problems, we

Linear uniform motion blur results from the linear movement of the entire image, along one direction. We assume that

1 The spatially invariant blur allows writing the convolution with an invariant
kernel, much smaller than the image.
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Fig. 2. (a) Natural color image (size 3264 × 2448) with linear motion blur.
(b) Natural color image (size 5184 × 3456) with out-of-focus blur (both
acquired with a Canon Ixus 850).

assume that the noise is weak, supporting the approximation
log |G(ξ, η)| ≈ log |F(ξ, η) H (ξ, η)|
= log |F(ξ, η)| + log |H (ξ, η)|;

(5)

i.e., the coarse behavior of log |G(ξ, η)| depends essentially
on log |F(ξ, η)| + log |H (ξ, η)|. Since the coarse behavior
log |F(ξ, η)| along lines η = ξ tan  in the (ξ, η) plane is
approximately independent of  (see (5)), the structure of
log |H (ξ, η)|, namely its zeros, is preserved in log |G(ξ, η)|.
However, the presence of noise may prevent these “zeros”
from being exact. Nevertheless, they remain close to zero, and
more importantly, they are local minima.
Since linear uniform motion blur is modeled by a line
segment, the corresponding spectrum is a sinc-like function
in the direction of the blur. In this case, the spectrum exhibits
zeros along lines perpendicular to the motion direction, separated from each other by a distance that depends on the blur
length. Fig. 3 (a) shows the logarithm of the power spectrum
of the natural image shown in Fig. 2 (a), which suffered
linear uniform motion blur. Namely due to the presence of
noise and other model mismatches, the zeros become local
minima; nevertheless, one can easily recognize the motion
blur pattern. To identify the motion angle, we propose to
use a modified Radon transform (RT) described in detail in
Section IV. The idea is to integrate the spectrum of the blurred
image along different directions; the integration performed
perpendicularly to the angle of the motion blur will best
exhibit the sinc-like behavior, namely because the log power
spectrum of the underlying natural image is (approximately)
angle-independent. This is illustrated in Fig. 3 (b).
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Fig. 3. Image of Fig. 2-(a): (a) logarithm of the power spectrum (white line
segment indicates motion direction), (b) Radon transform of spectrum at the
motion blur angle (θ = 155◦ ). Image of Fig. 2-(b): (c) logarithm of the power
spectrum (magnified), (d) Radon-c transform of spectrum.

The out-of-focus blur, on the other hand, is modeled by an
uniform disk, and has a Bessel-like spectrum [42]. In this case,
the local minima are along circles, the radii of which depend
on the PSF radius. To capture these circular zero patterns (or
local minima), we propose a Radon-type transform (termed
Radon-c) that integrates along circles, rather than straight
lines, as describe in Section IV. Fig. 2 (b) shows a natural color
image corrupted by out-of-focus blur; in Fig. 3 (c) and (d) we
can observe the circular pattern, both in the power spectrum
of the image and on the circular Radon transform.
IV. M ODIFIED R ADON T RANSFORMS
The Radon transform (RT) is an integral transform that
consists of the integral of a function along straight lines [5].
Formally, the RT of a real-valued function φ(x, y) defined on
R2 , at angle θ , and distance ρ from the origin, is given by
 ∞ ∞
R(φ, ρ, θ ) =
φ(x, y) δ(ρ − x cos θ − y sin θ ) d x d y,
−∞ −∞

where δ denotes the Dirac delta function. Equivalently,
 ∞
R(φ, ρ, θ ) =
φ(ρ cos θ − s sin θ, ρ sin θ + s cos θ ) ds.
−∞

The RT R(φ, ρ, θ ) is the integral of φ along a line forming
an angle θ with the x-axis, at a distance ρ from the origin [5].
The Radon transform is used in many scientific and technical
fields, in particular in computed tomography [15], [30].
In this paper, we introduce two modifications to the RT.
As noted above, natural images have an approximate coarse
behavior of log |G(ξ, η)| along lines that pass through the
origin, independently of the angle. We capture this behavior in
two different ways: (i) performing the Radon Transform with
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Fig. 4. Illustration of Radon-d integration limits: the gray square represents
the maximum inscribed square.

the same integration area for different angles; (ii) integrating
along circles, rather than parallel straight lines.

Fig. 5.

Image of size 3264 × 2448 (acquired with a Canon Ixus 850).

A. Radon-d Transform
The Radon-d modification of the RT performs integration
over the same area, independently of the direction of integration. This is achieved by, instead of computing the RT of the
whole image, changing the integration limits to contain only
the maximum inscribed square, as illustrated in Fig. 4, i.e.,
Rd ( f, ρ, θ ) =

d
−d f (ρ cos θ − s sin θ, ρ sin θ + s cos θ ) ds, |ρ| ≤ d (6)
0, otherwise,
√
with d = m/ 2 (where m = min{N, M}, for an N × M
image). This modified RT (called Radon-d) of log |G(ξ, η)|
has approximately the same energy, independently of θ .
Consider the natural image represented in Fig. 5. The
corresponding Radon-d transform of the logarithm of the
magnitude of its Fourier transform is depicted in Fig. 6-(a), for
different angles. As shown in [32], this Radon-d transform of a
natural image can be approximated by a line, as a consequence
of the fact that the spectrum follows the power law mentioned
in Section III-A. However, the spectral irregularities pointed
out in [13], as well as the two lines that can be observed at 0◦
and 90◦ (due to the use of the FFT [34]), make the integration
not exactly a line.
Thus, to better approximate the Radon-d transform of a
natural image, we propose fitting a third order polynomial,
Rd (log |F|, ρ, θ ) ≈ a ρ 3 + b ρ 2 + c ρ + d.

(7)

In Fig. 6-(b) we plot a line of the Radon-d transform of the
logarithm of the spectrum magnitude of the natural image in
Fig. 5, and the approximation given by Equation (7).
B. Radon-c Transform

Fig. 6. (a) Radon-d transform of the logarithm of the spectral magnitude
of the image in Fig. 5 (ρ in pixel units). (b) Fitted function (7). (c) Radon-c
transform of Fig. 5. (d) Fitted function (9).

In Fig. 6 (c), we plot the Radon-c transform of the logarithm
of the spectrum magnitude of the natural image in Fig. 5.
Since the integration is along circles, the Radon-c transform is
closely related with the approximation given by Equation (5).
After an exhaustive experimental study, the Radon-c transform
of natural images is very similar to the one depicted in
Fig. 6 (c). To better approximate it, specially in the higher
frequencies, we propose a two-region power law function,

a |ρ|b , ρ ≤ ρ0
(9)
Rc (log |F|, ρ) 
d |ρ|c + e, ρ > ρ0

Limiting the integration interval is not the only way to
capture the quasi-invariant angular behavior of log |G(ξ, η)|.
Instead, we may integrate along circles with radius ρ, i.e.,
perform integration directly in polar coordinates,
 π
1
f (ρ cos θ, ρ sin θ ) dθ,
(8)
Rc ( f, ρ) =
2πρ −π

where d = acb ρ0 b−c and e = a ρ0 b − d ρ0 c , since the
approximate function must be continous at ρ = ρ0 . Fig. 6-(d)
shows the Radon-c transform, together with the approximate
model (9), for the natural image of Fig. 5.

which we call Radon-c. Notice that if f equals 1 (in the 2-D
plane), Rc will be equal to 1, independently of ρ, due to the
normalization factor 1/(2πρ).

We now introduce the proposed algorithms to infer the
parameters of linear uniform motion blurs and out-of-focus
blurs. For the linear uniform motion case, the parameters to

V. P ROPOSED A LGORITHM
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estimate are the angle and the length. In the out-of-focus case,
the only parameter is the radius.
Once we have computed one of the modified RTs mentioned
in the previous section, the blur parameter (i.e., the motion
length or the disk radius) estimation will be performed by
fitting an appropriate function to the result. According to (5),
and the linearity of the RT, the proposed function has two
terms: one for the image spectrum, and the other one for the
blur frequency response H , i.e., omitting the dependency on θ ,
γ (ρ) = Rd (log |F|, ρ, θ ) + Rd (log |H |, ρ, θ ) .




γ F (ρ)

(10)

γ H (ρ)

The previous equation refers to the linear uniform motion blur
case; for the out-of-focus blur, we simply replace Rd with Rc .
The image spectrum term γ F (ρ) is approximated by (7)
or (9), accordingly. The blur spectrum term is approximated
by
γ H (ρ)  α log 1 + β log |H (ρ)| ,
(11)
where |H (ρ)| is defined in the following subsections, and
parameters α and β are introduced to take into account the
non linearities and the noise. Since noise prevents the “zeros”
of the blur spectra from being exact, this can only be achieved
by the term 1 + β inside the logarithm. Parameter α controls
the relative weight of the blur spectral term against the image
spectra. This term is proportional to the integration limits
of the RT, because the magnitude of the blur spectrum is
constant in the integration direction, i.e., along straight lines
for linear uniform motion blur, and circular lines for out-offocus blur. These parameters are needed since (5) is just an
approximation.
A. Motion Blur
The sinc-like structure of the motion blur kernel [3] is well
captured by the Radon-d transform at the blur angle. Thus,
motion blur estimation will be done in two phases: (i) angle
estimation; (ii) motion length estimation.
In [28], the angle estimate is that for which the maximum
of the RT occurs; naturally, this only works for very long
blurs, so that the blurred image is very smooth in the motion
blur direction, leading to a clear maximum of the RT. On the
other hand, in [19], the angle estimate is the one for which
R(φ, ρ, θ ), as a function of ρ, has the highest entropy.
The spectral irregularities and the artifacts introduced by
the FFT make it difficult for the previous approaches to work
well for short blurs. To increase the robustness and take
advantage of the quasi-invariance of the spectra, [32] computes
the difference of the RT at perpendicular angles and chooses
the one that has the maximum energy. In this paper, we follow
a simpler approach, where the main goal is to identify the
blur pattern in the Radon-d transform. Computing the Radond transform of the linear motion blur spectrum, we obtain
a sinc structure in the blur direction, and a constant line
in the perpendicular direction. Thus, by fitting the model in
Equation (7) to the Radon-d transform, which integrates the
quasi-invariance of the image spectra plus the blur spectra,
the fitting error will be maximum precisely at the motion

Fig. 7.
Illustration of the motion blur angle estimation criterion.
(a) RG (ρ, θ ) as a function of ρ and θ , represented by gray levels. (b) Residual
2
ρ RG (ρ, θ )− RG (ρ, θ ) as a function of θ . (c) RG (ρ, θ ) and RG (ρ, θ ),
as a function of ρ (in pixel units), for θ = 30◦. (d) RG (ρ, θ ) and RG (ρ, θ ),
for θ = 161◦ (the correct angle).

angle2. Let RG (ρ, θ ) denote the integral of log |G(ξ, η)| along
a direction perpendicular to θ , i.e.,
RG (ρ, θ ) = Rd (log |G(ξ, η)|, ρ, θ ).

(12)

Consider also the function RG (ρ, θ ) given by fitting an
approximation of the form (7) to RG (ρ, θ ). The proposed
angle estimate is that which maximizes the mean squared error
(MSE) of this fit,

2
(13)
θ = arg max
RG (ρ, θ ) − RG (ρ, θ ) .
θ

ρ

In Fig. 7, several plots illustrate the angle estimation criterion
given by (13), applied to the image of Fig. 2 (a).
Once we have θ, we proceed to estimate the length of the
blur kernel. Given that the sinc-like behavior is preserved
in the Radon transform at angle θ , we base the blur length
estimation on RG θ . We proceed by fitting γ (ρ) (see (10)) to
RG (ρ, θ ). In this case, γ F (ρ) is given by (7), and H (ω) must
be proportional to a sinc function [3], i.e.,
|H (ω)| ∝ |sinc(λω)|,

(14)

sin(π x)
πx ,

where sinc(x) =
and λ is the blur length.
The joint estimate of all the parameters i.e.,
{a, b, c, d, λ, α, β}, may not yield the right solution, as
the corresponding least squares criterion is highly nonconvex, thus any iterative minimization algorithm is doomed
to be trapped at local minima. Instead, we first minimize with
respect to {a, b, c, d, α, β}, with λ fixed, thus obtaining a
function of λ alone, which is then minimized by line search.
The previously estimated parameters {a, b, c, d} are used,
in a refinement stage, as initial values to fit Equation (7)
2 The integration of the blur spectrum, perpendicularly to the motion
direction, yields a constant value, well approximated by Eq. (7).
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Fig. 8.
RT and corresponding approximate function. (a) MSE of fitted
function γ (ρ) as a function of L. (b) RG (ρ, θ ) and adjusted function γ (ρ).

to the data, with {α, β} initialized with positive values
(typically ≈ 1). Parameter λ is chosen to be the value leading
to the minimum mean squared error. In Fig. 8, we show the
Radon-d transform at θ , the root mean squared error as a
function of λ, and the approximated function (10) for the
motion blurred image of Fig. 2 (a).
The normalized discrete Fourier angular frequency ω is
related to the continuous frequency  by ω =  T [34]; since
we have N different angular frequencies (N is the number of
points), each real frequency is given by:
2πk
, k = 0, . . . , N − 1.
(15)
k =
NT
Assuming that the image is square with size N × N, from (15),
we finally have L = Nλ .
B. Out-of-Focus Blur
To infer the radius of the out-of-focus blur, we proceed as
in the motion blur case. However, since the pattern of zeros
in the spectrum is now circular, we use the Radon-c transform
and do not have any angle to estimate. The fitting function is
again the one in (10), where γ F (ρ) is given by (9), and


 J1 (λ ω) 
,

(16)
|H (ω)| ∝ 
λω 
where Jδ is the Bessel function of the first kind, with
parameter δ [42]. The set of parameters to estimate is
{a, b, c, ξ0 , λ, α, β}. Again, since the criterium is highly nonconvex, we proceed as in the previous case: we fix λ and optimize for the rest of the parameters; we initialize {a, b, c, ξ0 } by
the values that fit (9) alone, and assign a small positive number
to {α, β}; we pick λ that leads to the minimum mean squared
error. Like in the previous case, from (16) we have R = 2 πN λ .
In Fig. 9, we show the Radon-d transform at θ, the root
mean squared error as a function of λ, and the approximated
function (10) for the motion blurred image of Fig. 2 (b).
VI. E XPERIMENTAL R ESULTS
We assess the performance of the proposed method in two
different ways. First, we use synthetically blurred images,
exactly given by the models described in Section III. The
accuracy is assessed by the root mean squared error (RMSE)
of the estimated parameters:

1
(x − x i )2 ,
RMSE =
n
i

Fig. 9.
RT and corresponding approximate function. (a) MSE of fitted
function γ (ρ) as a function of R. (b) Rc (g, ρ) and adjusted function γ (ρ).

Fig. 10. RMSE (in degrees) of the angle estimation algorithm, for two noise
scenarios. (a) BSNR = 40dB. (b) BSNR = 20dB (where BSNR denotes
“blurred SNR”, given by ≡ 10 log10 (var[blurred image]/σ 2 ), and σ is the
noise variance, as defined in Section I).

where n is the number of runs, x and x i are the true parameter
and its estimate in the i -th run, respectively. Finally, we
apply the method to real BID problems; in this case, the
linear motion blur and out-of-focus assumptions are only
approximations. In the real BID experiments, we compare the
proposed method with several state-of-the-art alternatives.
A. Accuracy of Proposed Algorithm
The accuracy of the proposed method is assessed in terms
of RMSE over n = 10 runs (in degrees for the angular parameter, and pixel units for length parameters). To this end, we
considerer a set of 7 well-known images: cameraman, Lena,
Barbara, boats, peppers, goldhill (256 × 256), fingerprint
(512 × 512), and also the natural image of Fig. 5.
Fig. 10 shows the accuracy of the proposed method: the
errors are similar and essentially independent of the true angle.
The highest errors are obtained for the smallest lengths, which
is a natural result; in fact, for a very short motion blur, the
kernels obtained with two close angles are almost identical.
The accuracy of the algorithm also depends on the natural
image assumption (namely its spectral isotropy): if an image
is not a natural image, the quasi-invariance of the image
spectrum does not hold, making the angle identification more
difficult.
Concerning length estimation, the errors are also quite
small, even for large blur lengths (Fig. 11). This is a major
improvement over our previous algorithm [33], for which one
of the weaknesses was precisely for long blurs. By using the
fitting function γ (ρ) (10), the method is no longer dependent
on the location of the first local minimum, and can also achieve
sub-pixel precision. This is important in the case of natural
motion blurred images, where the length of the blur can result
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Fig. 11. RMSE (in pixel units) of the length estimation algorithm, for two
noise scenarios. (a) BSNR = 40dB. (b) BSNR = 20dB.
Fig. 14. Natural images corrupted with (approximately linear) motion blur,
acquired with a Canon Ixus 850.

Fig. 12. RMSE (in pixel units) of the out-of-focus blur estimation algorithm,
for two noise scenarios.

Fig. 15. Closeups of the blurred images from Fig. 2-(a) (top) and from
Fig. 14 (bottom).

Fig. 13. Estimated parameters as a function of image size. (a) and (b) Images
1 and 2 are those in Fig. 14, Images 3 and 4 are those in Fig. 18.

in equivalent blur lengths with sub-pixel precision, depending
on the sampling rate.
Fig. 12 shows the accuracy of the proposed algorithm for
the out-of-focus case. These results show that the algorithm is
accurate and, as expected, the errors are relatively larger for
smaller blurs. For small blurs, the first zero (local minimum)
of the blur spectrum corresponds to larger values of ρ, which
is approximated by the second term in (9). Nevertheless, the
algorithm correctly copes with these cases.
Finally, Fig. 13 shows the estimated blur angle and length
obtained from the natural blurred images, as a function of
image size. We consider square crops of the images depicted
in Fig. 14 and Fig. 18. As expected, the performance of the
algorithm decreases with the image size, but it only degrades
considerably for image sizes bellow 600 × 600 pixels, which
is totally acceptable.
B. Natural Blurred Images
We consider now a set of images obtained with a common
hand-held camera, corrupted with (approximately linear)
motion blur and out-of-focus blur. Due to the large size of
the images, deblurring was done with the Richardson–Lucy
algorithm [38], separately for each color channel. Since we

don’t have ground truth, only a qualitative visual comparison
can be made. We compare our results with three state-of-theart BID methods, for which there is code available: (i) the
method proposed by Fergus et al [11]; (ii) the method of
Goldstein et al [13], which is related to our method; (iii) the
method of Xu et al [47], considered state-of-the-art when
compared against others methods (we are thus indirectly
also comparing our method with all the methods considered
in [47]). Full size images and more examples can be seen at
http://preview.tinyurl.com/ce96nsb.
1) Motion Blur: To simulate motion blur (not “camera
shake”), we performed an out of plane rotation of a far
away scene. This way, all the elements of the image move
approximately the same, making valid the space invariant
blur approximation. Note that this is an approximation, and
that some in plane rotation may be present. In Figs. 2–(a)
and 14, we show natural linear motion blurred images. A
graphical representation of the blur estimates obtained, as well
as closeups showing the corrupted images and corresponding
restorations are depicted in Figs. 15, 16 and 17.
The image estimates produced by our approach are visually
quite good. Comparing with the results of the other methods,
we can observe that some details are recovered better. Notice,
in particular, some details for which we know a priori their
original shape, such as the “P” sign in Fig. 16 or a circular
lamp in Fig. 17. We can see in all the examples (and also
on those available at http://preview.tinyurl.com/ce96nsb) that
the different methods produce kernel estimates with similar
lengths and directions. However, unlike the others, our method
imposes the continuity of the kernel.
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Fig. 16. Closeups of the restored images and estimated kernels. (a) Proposed method. (b) Method of Xu et al [47]. (c) Method of Goldstein et al [13].
(d) Method of Fergus et al [11].

Fig. 17. Closeups of restored images and estimated kernels. (a) Proposed method. (b) Method of Xu et al [47]. (c) Method of Goldstein et al [13].
(d) Method of Fergus et al [11].

Fig. 18.

Natural images corrupted with out-of-focus blur (acquired with a Canon D60) and closeups thereof.

A MATLAB implementation of our algorithm (running on
2.2GHz Core 2 Duo) took around 10 minutes to restore
the natural color images shown in this section. The method

proposed in [11] takes around 1 hour. It was not possible to
restore the full size images with methods and code proposed
in [47] and [13], due to its huge dimensions. Considering
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Fig. 19.

Closeups of restored images and estimated kernels. (a) Proposed method. (b) Xu et al [47]. (c) Goldstein et al [13]. (d) Fergus et al [11].

Fig. 20.

Closeups of restored images and estimated kernels. (a) Proposed method. (b) Xu et al [47]. (c) Goldstein et al [13]. (d) Fergus et al [11].

only the close up versions (800 by 800 pixels), our method
took around 33 seconds, Xu et al [47] 58 seconds, and
Goldstein et al [13] 92 seconds.
2) Out-of-Focus: The images used in these experiments
were taken on a tripod, to ensure that the images are free from
motion blur. The scenes are far away from the camera, making
the focal distance at infinity assumption valid. Fig. 18 shows
the original blurred images. The estimated kernels as well
the closeups of the restored images are depicted in Figs. 19
and 20. As can be seen, the restored images with our method
are visually good. The estimated kernels are, different in shape,
but consistent in the support size. Once again, our better results
comes from the fact that the proposed kernel is compact and
close to the true one. In terms of speed, the restoration times
were similar to the linear motion blur case.
VII. C ONCLUSION
We have proposed a new method to estimate the parameters
for two standard classes of blurs: linear uniform motion blur
and out-of-focus. These classes of blurs are characterized by
having well defined patterns of zeros in the spectral domain.
The method proposed in this paper works on the spectrum of
the blurred images, and is supported on the weak assumption
that the underlying images satisfy the following natural image
property: the power-spectrum is approximately isotropic and
has a power-law decay with respect to the distance to the origin
of the spatial frequency plane
To identify the patterns of linear motion blur and out-offocus blur, we introduced two modifications to the Radon
transform, termed Radon-d and Radon-c. The former is

characterized by performing integration over the same area
of the image spectrum, while the later performs integration
along circles. The identification of the blur parameters is made
by fitting appropriate functions that account separately for the
natural image spectrum and the blur spectrum.
The accuracy of the proposed method was validated by
simulations, and its effectiveness was assessed by testing the
algorithm on real blurred natural images. The restored images
were also compared with those produced by state-of-the-art
methods for blind image deconvolution.
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