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Abstract|  This paper presents a new semi-supervised seg-

mentation algorithm, suited to high dimensional data, of
which remotely sensed hyperspectral image data sets are
an example. The algorithm implements two main steps: (i)
semi-supervised learning of the posterior class distribut ions,
followed by (ii) segmentation, which infers an image of clas s
labels from a posterior distribution built on the learned cl ass
distributions, and on a Markov random eld (MRF). The
posterior class distributions are modeled using multinomi al
logistic regression (MLR), where the regressors are learne d
using both labeled and, through a graph-based technique,
unlabeled samples. Such unlabeled samples are actively se-
lected based on the entropy of the corresponding class la-
bel. The prior on the image of labels is a multi-level logisti c
(MLL) model, which enforces segmentation results in which
neighboring labels belongs to the same class. The maxi-
mum a posteriori (MAP) segmentation is computed by the

-Expansion min-cut based integer optimization algorithm.
Our experimental results, conducted using synthetic and
real hyperspectral image data sets collected by the Airborn e
Visible Infra-Red Imaging Spectrometer (AVIRIS) system
of NASA Jet Propulsion Laboratory over the regions of In-
dian Pines, Indiana, and Salinas Valley, California, revea |
that the proposed approach can provide classication ac-
curacies which are similar or higher than those achieved by
other supervised methods for the considered scenes. Our re-
sults also indicate that the use of a spatial prior can greatl y
improve the nal results with respect to a case in which
only the learned class densities are considered, con rming
the importance of jointly considering spatial and spectral
information in hyperspectral image segmentation.

Index Terms| Hyperspectral image classi cation, semi-
supervised learning, multinomial logistic regression (ML
Markov random eld (MRF), multi-level logistic (MLL)
model.
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I. Introduction

labelsy; 2 L from the feature vectorsx; 2 RY (referred to
hereinafter as spectral vector§. On the other hand, the
goal of hyperspectral image segmentation is to partition
the set of image pixelsS into a collection of setsR; S ,

image pixels in each seR; be closein some sensk Never-

theless, in this paper, we use the term classi cation when
there is no spatial information and segmentation when the
spatial prior is being considered.

Supervised classi cation (and segmentation) of high di-
mensional datasets such as hyperspectral images is a di -
cult endeavor. Obstacles, such as the Hughes phenomenon,
arise as the data dimensionality increases, thus fostering
the development of advanced data interpretation methods,
which are able to deal with high dimensional data sets and
limited training samples [2].

In the past, both discriminative and generative mod-
els have been used for hyperspectral image interpretation.
More speci cally, techniques based on discriminative mod-
els learn directly the posterior class distributions, which are
usually far less complex than the class-conditional densi-
ties in which generative models are supported. As a con-
sequence, discriminative approaches mitigate the curse of
dimensionality because they demand smaller training sets
than the generative ones [3{5]. Data interpretation based
on the use of discriminant functions, which basically en-
code the boundaries between classes in the feature space,
is another e ective way of handling very high dimensional
data sets [5].

Support vector machines (SVMs) [6] and MLR [7] rely,

been devoted to remote|y sensed hyperspectra| image Seg.distributions, based on which many state-of-the-art classi-

mentation and classi cation [1]. Hyperspectral image clas-
si cation and segmentation are related problems. In or-
der to de ne the problems in mathematical terms, let
S f 1, ;ng denote a set of integers indexing then pix-
els of a hyperspectral image. Similarly, letL f 1; ;Kg
be a set ofK class labels, and letx (x1; ;Xp)2 RY "
denote an image in which the pixels ared-dimensional fea-
ture vectors. Finally, let y  (ya;

cation methods are built. Due to their ability to e ec-
tively deal with large input spaces (and to produce sparse
solutions), SVMs have been successfully used for super-
vised classi cation of hyperspectral image data [2, 8{10].
In turn, MLR-based techniques have the advantage of be-
ing able to model the posterior class distributions in a
Bayesian framework, thus supplying (in addition to the

'yn) 2L " denote an boundaries between the classes) a degree of plausibility

image of class labels. The goal of hyperspectral image clasfor such classes. E ective sparse MLR methods are avail-

si cation is, for every image pixel i 2 S, to infer the class
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able [11]. These ideas have been recently applied to hyper-
spectral image classi cation and segmentation, obtaining
promising results [12].

In order to improve the accuracies obtained by SVMs
or MLR-based techniques, some e orts have been directed

1 We recall that a partition of a set S is a collection of sets R; S ,
fori=1;:::,where[i=; Ri= Sand Rj\ Rj =;;i6 ]



towards the integration of spatial (contextual) information
with spectral information in hyperspectral data interpre-
tation [2,9,12]. However, due to the supervised nature
of these methods, their performance is conditioned by the
fact that the acquisition of labeled training data is very
costly (in terms of time and nance) in remote sensing ap-
plications. In contrast, unlabeled training samples can be
obtained easily. This observation has fostered active re-
search on the area of semi-supervised learning, in which
classi cation techniques are trained with both labeled and
unlabeled training samples [13,14]. This trend has been

successfully adopted in remote sensing studies [2, 15{18].

Most semi-supervised learning algorithms use some type
of regularization which encourages that \similar" features

Indiana, and Salinas Valley, California. These scenes have
been widely used in the literature and have high-quality
ground-truth measurements associated to them, thus al-
lowing a detailed quantitative and comparative evaluation
of our proposed algorithm. Finally, Section VII concludes
with some remarks and hints at plausible future research
avenues.

[l. Problem formulation and proposed approach

With the notation introduced in Section | in mind, let
us de ne an image region aRRy f i2Sjy; = kg, i.e., Rk
is the set of image pixelsi 2 S with class labelsy; = k 2
L. We note that the collection R;, for i =1;:::;K, is a
partition of S and that the map between vectorsy 2L ",

belong to the same class. The e ect of this regularizationis which we term labelings, and partitions of S, which we
to push the boundaries between classes towards regions oferm segmentations, is one-to-one. We will, thus, refer

low data density [14], where a rather usual way of building
such regularizer is to associate the vertices of a graph to
the complete set of samples and then build the regularizer
depending on variables de ned on the vertices.

In this paper, we introduce a new semi-supervised learn-
ing algorithm which exploits both the spatial contextual
information and the spectral information in the interpreta-
tion of remotely sensed hyperspectral data. The algorithm
implements two main steps: (i) semi-supervised learning
of the posterior class distributions, implemented by an e -
cient version of semi-supervised learning algorithm in [13],
followed by (ii) segmentation, which infers an image of class
labels from a posterior distribution built on the learned
class distributions, and on an MLL prior on the image of
labels. The posterior class distributions are modeled using
MLR, where the regressors are learned using both labeled
and (through a graph-based technique) unlabeled training
samples. For step (i), we use a block Gauss-Seidel iterative
method which allows dealing with data sets that, owing to
their large size (in terms of labeled samples, unlabeled sam-

ples, and number of classes) are beyond the reach of the

algorithms introduced in [13]. The spatial contextual in-
formation is modeled by means of a MLL prior. The nal
output of the algorithm is based on an MAP segmenta-
tion process which is computed via a very e cient min-cut
based integer optimization technique. The remainder of
the paper is organized as follows. Section Il formulates

interchangeably to labelings and segmentations.

The goal of both image classi cation (and segmenta-
tion) is to estimate y having observedx, a hyperspec-
tral image made up of d-dimensional pixel vectors. In a
Bayesian framework, the estimationy having observedx
is often carried out by maximizing the posterior distribu-
tion? p(yjx) / p(xjy)p(y), where p(xjy) is the likelihood
function (i.e., the probability of the features imagex given
the labeling y) and p(y) is the prior on the labeling y. As-
suming conditional indepgndency of the features given the
class labelsj.e, p(xjy) = :iln p(xijyi), then the posterior
p(yjx), as a function ofy, may be written as

1

p(X)_W
" pyijxi)

)

p(xjy)p(y)

p(yix)
(1)

p(y);

i=1

where c(x) Q:zln p(x;)=p(x) is a factor not depending on
y. The MAP segmentation is then given by
(o |
b =arg max (logp(yijxi) logp(yi)) +log p(y)
i=1
)

In the present approach, the densitiega(yijx;) are mod-
eled with the MLR, which corresponds to discriminative

)

the problem and describes the proposed approach. Sectionmodel of the discriminative-generative pair for p(xijyi)

[l describes the estimation of the multinomial logistic re-

Gaussian andp(y;) multinomial [19], [20]. Notice that,

gressors, including a generalized expectation algorithm to P(Yi) can be any distribution, as long as the marginal of
compute their MAP estimate, and a fast algorithm based P(Y) is compatible with such distribution. The estimation
on the Gauss-Seidel iterative procedure. Section IV gives Of vector of regressors parameterizing the MLR is formu-
details about the MLL prior. Section V addresses the MAP lated as in [13], following a semi-supervised approach. To
computation of the segmentation via integer optimization Ccompute the MAP estimate of the regressors, we apply
techniques based on cuts on graphs. An active method & New Block Gagss-Seujel iterative algorithm. The prior
for selecting unlabeled training samples is also introduced. P(Y) on the labelings,y, is an MLL Markov random eld,
Section VI reports performance results for the proposed al- Which encourages neighboring pixels to have the same la-
gorithm on synthetic and real hyperspectral datasets, and Pe€l. The MAP labeling/segmentation ¥ is computed via
compares such results with those provided by state-of-the- the  -Expansion algorithm [21], a min-cut based tool to
art competitors reported in the literature. The two real
hyperspectral scenes considered in our experiments were,
obtained by the AVIRIS over the regions of Indian Pines,

2 To keep the notation simple, we use p( ) to denote both continuous
ensities and discrete distributions of random variables.  The meaning
should be clear from the context.



e ciently solve integer optimization problems. All these
issues are detailed in the next section.

[1l. Estimation of the Logistic Regressors
The MLR model is formally given by [7],

exp(t “h(x;))
ke ©Xp( Oh(xi)) |

p(yi = Kixi;! )= P 3)
where h(x) [hi(x); ;h(x)]" is a vector of | xed
functions of the input, often termed features; ! (k)
is the set of logistic regressors for clask, and !
@ 1 (K DT Given the fact that the density (3)
does not depend on translations on the regressots(¥), we
set! (K) =0,

Note that the function h may be linear, i.e., h(x;) =
[Lixi1; S Xial", wherex;; is thej-th component of x; or
nonlinear. Kernels [6],i.e., h(xi)=[1;Kx:x,; Kxx, 1",
where Ky, .x; = K(Xi;Xj) and K(; ) is some symmetric
kernel function, are a relevant example of the nonlinear

case. Kernels have been largely used because they tend

to improve the data separability in the transformed space.
In this paper, we use a Gaussian Radial Basis Function
(RBF) kernel, K(x;z) exp(k x zk?=(2 ?)), which is
widely used in hyperspectral image classi cation [8]. From
now on, d denotes the dimension ot (x).

In the present problem, learning the class densities

amounts to estimating the logistic regressors! . Since

we are assuming a semi-supervised scenario, this estima- K 1

tion is based on a small set of labeled sampled),
f(y1;X1); ;(yL;XpL)g, and a larger set of unlabeled sam-
ples, Xy f X_+1; ;X_L+ug. Given that our approach is
Bayesian, we need to build the posterior density

Pt YL X Xu) 1o p(YoiXe; Xus)p(t X0 Xu)  (4)
= p(YLXest)p(t (Xe+u); )

where Y, f yi; ;yLg denotes the set of labels inD,
XL f X1;  ;x_g denotes the set of feature vectors in
D, and X +y stands for fX | ;Xyg. Here, we have used
the conditional independence assumption in the right hand
side of (5).

The MAP estimate of ! is then given by

b =argmax fI(! ) +log p(! jXL+u)9; (6)
where
Y_
I(") logp(YLjXL;!) log  p(yijxi;!)
0 = oo

bS X _
@x[1 00 Jog  expx! UW)A

i=1 j=1

is the log-likelihood function of ! given the labeled sam-
plesD. and p(! jX._+u) acts as prior on! . Following the
rationale introduced in [13], we adopt the Gaussian prior

P ) e 1T ®)

where the precision matrix = (X_+y) is built in such

a way that the density p(! j ) promotes vectors! leaving
\close" labeled and unlabeled featuresh(x), for x 2 X .+ y,

in the same class. The distance between features is de ned
in terms of a weighted graphG= ( V;E;B), where V is the
set of vertices corresponding to labeled and unlabeled data,
Eis a set of edges de ned oY V , and B is a set of weights
de ned on E. With these de nitions in place, the precision
matrix writes as

()= 1,

where symbol denotes the Kronecker product, > 0 is
a regularization parameter, and

(A +

diag( 1; ; x 1)
A XX T
X (h(x1);  sh(x )]

Laplacian of the graphG:

Notice that ( ) is a block diagonal matrix, i.e.,

() =diag( (A + );

with diagonal blocks A 1;:::;Ak . In the above de nitions,
and 1; ; (k 1) are non-negative scale factors.
With the de nitions above, we have

1T ()1 = W TOTAT (0 4 g k2

k=1

The quadratic term k! Kk? acts as a quadratic regularizer,
ensuring that the estimation of ! is not ill-posed. At the
same time, in order to ensure that this quadratic regu-
larizer does not modify the rule of matrix A, the value
of should be much smaller than the largest eigenvalue
of A. In order to interpret the rule of the quadratic
terms! ®TAI () Jetv f 1. U+ LgandB f
0; (i;j ) 2 Eg denote, respectively, the set of vertices and
weights of G. Having in mind the meaning of the Lapla-
cian of a graph, we have

LOOTAT 0 = 1 OTXT x 1K _

P h T 2

= (ijr2e i ! 7 (h(x,) h(x;))

Therefore, the lower values oft )T A1 () corresponding
to the most probable regressors (¥), occur when both fea-
tures x; and x; are in the same side of the separating hy-
perplane de ned by ! (V). In this way, the prior acts as a
regularizers on! %), promoting those solutions for which
the features connected with higher values of weights j;
are given the same label. This implies that the bound-
aries among the classes tend to be pushed to the regions
of low density, with respect to the underlying graph G. In
accordance with this rationale, we set in this work
= ek h(x)) h(xi)kz:

(9)

ij



According to a Bayesian point of view, the parameters
1y are random variables and should be inte-
grated out. We assume that they are distributed accord-
ing to Gamma densities, which are conjugate priors for
the inverse of a variances of Gaussian densities [22]. More
precisely, we assume they are independent and that

1

Gam(; (20)

I
where Gam(; ) stands for a Gamma distribution with
shape parameter and inverse scale parameter . Noting
that ,i= 1 are scaling parameters, we set
to very small values, thus obtaining a density close to that
of Je reys prior. We note that the Je reys prior, which is
non-informative for scale parameters, is obtained by set-
ting to zero the shape and the inverse scale parameters of
a Gamma density.

A. Computing the MAP estimate of the regressors

To compute the MAP estimate of !, we use an
expectation-maximization (EM) algorithm [23], where the
scale factors i, fori=1:::;K 1, are the missing vari-
ables. The EM algorithm is an iterative procedure that
computes, in each iteration, a so-called E-step (for mean

C. M-step

Given the matrix (b), the M-step amounts to maxi-
mize the objective function (14), which is a logistic regres-
sion problem with a quadratic regularizer. Hereinafter, we
adopt the generalized expectation maximization (GEM)
[23] approach, which consists in replacing, in the M-step,
the objective function Q( j ) with another one which is sim-
pler to optimize. A necessary condition for GEM still gen-
erating a non-decreasing sequengg! jD), for t=1;2;:::,
is that Q(! t+1j! 1) Q( ¢! ¢), for t=1;2;::: In order
to build a simpler objective function, we resort to bound
optimization techniques [24], which aim, precisely, at re-
placing a di cult optimization problem with a series of
simpler ones.

Let g(! ) be the gradient of I(! ) given by

hS
g(!)=‘ (ey;, pi) h(xp);

i=1

where e is the kth column of the identity matrix of size
K and

Pi

value) and the M-step (for maximization). More speci - (15)
cally, at iteration t, these steps are formally given by
E-step: Let us de ne the non-positive de nite matrix as
QUjt ) Eflogp(; D)jtd (D) LT %
i A\T.
M-step: B S v 1 h(xi)h(xi)"; (16)
1=
! 2 argmaxQ(! j! ¢): 12
ot am QU It (12) where 1 denotes a column vector of 1s and." is the trans-

In (11), D fD | ;Xyg denotes the set of labeled and un-
labeled samples. The most relevant property of the EM
algorithm is that the sequencep(! jD), for t =1;2;:::, is
non-decreasing and, under mild assumptions, converges to
local optima of the density p(! jD).

pose of such column vector. The quadratic cost function
is de ned as

Qe (1jb) I(M)+(! b gM)+[(! b)TBC b) T (b)]=2

Let H(! ) be the Hessian ofl(! ). Matrix H B is semi-

positive de nite [7], i.e., H(! ) B forany! . Itis then
B. E-step easy to show that
From expressions (5) and (8), we have
I'jb Ijb
p( 5 D)= POYLIXLIRC | ( DP( )E% (13) QUIB) Qe (IB)
here ¢ does not depend on! and and p( ) with equality if and only if ! = b. Thus, Qg (! jb) is a

o

K

valid surrogate function for Q(! jb). That is, by replacing

1
iz P( i). We have then Q with Qg in (11), the inequality Q(! 1j! 1) Q( ! 1)
Q! )= Eflogp(YLjXi ') (1=2)! T () +Cjl {] fort=1;2;::: still holds, which implies p(! (jD) p(! {jD),
. : fort=1;2;:::
_ . — T 0 1 &
=logp(YLiXi:t) (1=t "EL ()it +C The maximizer of Qg (! j! ) with respectto ! is
=) @=2)r" (¢ +ct (14)

where I(! ) is the log-likelihood function given by (7),
(') E[ ()j'], and C and C°do not depend on! .
Since ( )islinearon ,then (! )= (E[ j!]).
Owing to the use of conjugate Gamma hyper-priors, the
expectations E[ ;j! ] have well-known closed forms [22].
For the present setting, we have

« E[ki'l=@ +d2 +(b")Ta+ nu®p Y

fork=1; ;K 1.

¢ MBYe gy

which amounts to solving a linear system withd(K 1) un-
knowns, thus with O((d(K  1))%) complexity. This com-
plexity may be unbearable, even for middle-sized data sets.
To tackle this di culty, a sequential approach in which the
algorithm only maximizes Qg with respect to one element
of I at atime is proposed in [13]. Here, the complexity of
a complete scanning of all elements of is O(Kd(L + d)),
much lighter than O((d(K  1))%). What we have found

P ie1 :(B



out, however, is that the convergence rate of this algorithm The MLL prior is a generalization of the Ising model [25]

is too small, a factor that rules out its application in real-
istic hyperspectral imaging applications.
In order to increase the convergence rate and to handle

and has been widely used in image segmentation prob-

lems [26].
According to the Hammersly-Cli ord theorem [27], the

systems of reasonable size, we implement a Block Gaussdensity associated with a MRF is a Gibbs's distribution

Seidel iterative procedure in which the blocks are the re-

[25]. Therefore, the prior model for segmentation has the

gressors of each class. Thus, in each iteration, we solvefollowing structure

K 1 systems of dimensiord. Furthermore, we have ob-
served that just one iteration before recomputing the pre-
cision matrix is nearly the best choice. Notice that, even
with just one Gauss-Seidel iteration, the algorithm is still
a GEM. The improvement in complexity with respect to
the exact solution is given byO((K  1)?), which makes a

Ve(y)
p(y) = - e c2c ;

X
17

where Z is a normalizing constant for the density, the sum

di erence when there are many class labels, as it is indeed IN the exponent is over the so-called prior potentialsVe(y)

the case in most hyperspectral imaging applications.

The pseudo-code for the GEM algorithm to compute
the MAP estimate of ! is shown in Algorithm 1, where
GEMiters denotes the maximum number of GEM itera-
tions and BSGiters denotes the number of Block Gauss-
Seidel iterations. The notation ()) stands for the block
column vectors corresponding to regressors (<)

Algorithm 1
gressors!
Input: !, Do, Xu, , ,
De ne: _ uy [| 117 =(K 1)]k;l

= hOh() ™, X Th(xy); ih(x . )]
:= B(X)( build the graph weights according to (9) )
B) (  is the Laplacian of graph G )

GEM algorithm to estimate the MLR re-

, GEMiters, BSGiters

1

: Uk:| R |(A + |)
j ;=1 to BSGiters do
for k:=1to K 1do
! iy = solution fCy! (K
P 1 RS
=16k “kil: i 0
end for
end for
end while

—h

(]

2(K)

IV. The Multi-Level Logistic spatial prior
In segmenting real world images, it is very likely that

neighboring pixels belong to the same class. The exploita- Cid(ij )

tion of this (seemingly naive) contextual information im-
proves, in some cases dramatically, the classi cation per-
formance. In this work, we integrate the contextual in-
formation with spectral information by using an isotropic
MLL prior to model the image of class labelsy. This

prior, which belongs to the MRF class, encourages piece-

for the set of cliques$ C over the image, and
8
2 .. ifjg=1(single clique)
Ve(y) = > cs if jcj> 1 and 8i;j 2¢cYi =Y
¢, ifjg>1and9acyi 8y,

(18)

where . is a non-negative constant.

The potential function in (18) encourages neighbors to
have the same label. By varying the set of cliques and the
parameters y, and ., the MLL prior o ers a great deal of
exibility. For example, the model generates texture-like
regions if . depends onc and blob-like regions otherwise
[28]. By taking e vi / p(y;) and .= % > 0, the equation
(17) can be rewritten as

X X

+ (yi
(i )2€

yi Yi)

py) = > &% (19)
z

where (y) is the unit impulse function®. This choice gives
no preference to any direction concerning y,. A straight-
forward computation of p(y;), i.e., the marginal of p(y)
with respecttoi, leadstop(y;) / e vi. Thus, in order to re-
tain the compatibility between the prior and the marginal,
we take y, =log p(yi)+ c®, wherec*® is a constant term.
Notice that the pairwise interaction terms (y; y;) at-
tach higher probability to equal neighboring labels than the
other way around. In this way, the MLL prior promotes
piecewise smooth segmentations. The level of smoothness
is controlled by parameter

In this paper, we consider only rst and second order
neighborhoods;i.e., considering that pixels are arranged
in a square grid where the distance between horizontal
or vertical neighbors is de ned to be 1, the cliques cor-
responding to rst and second order neighborhoods are,
respectivelyb f@i;j)2Cjd(;;j) 1i;j 2Sg and f(i;j) 2
2;i;j 2Sg, where d(i;j ) is the distance be-
tween pixelsi;j 2 S.

V. Computing the MAP Estimate via Graph-Cuts

Based on the posterior class densitieg(yijx;) and on the
MLL prior p(y), and according to (2), the MAP segmen-

3 A clique is a single term or either a set of pixels that are neig hbors

wise smooth segmentations and thus promotes solutions in gf one another.

which adjacent pixels are likely to belong the same class.

4je., (0O)=1and (y)=0,for y60



tation is nally given by GEM (15) a-Expansion .

X
b = agmn, (log p(yijb) logp(yi))
Y i P XU = XU + ‘X‘new
& izs 0OP(YD+  yac (Vi Vi) (20)
= agmn, log p(yijb) (i v Fig. 1. Block scheme of Algorithm 2.
i2s ij 2C

wherep(yijb) p(vijxi;! ), computed at b. Minimization
of expression (20) is a combinatorial optimization prob-
lem, involving unary and pairwise interaction terms. The
exact solution for K = 2 was introduced by mapping the
problem into the computation of a min-cut on a suit-
able graph [29]. This line of attack was reintroduced in
the beginning of this century, and has been intensely re-
searched since then (see, e.g, [21,30{32]). As a result o
this research, the number integer optimization problems B, Active selection of unlabeled samples
that can now be solved exactly (or with a very good ap-
proximation) has increased substantially. A key element
in graph-cut based approaches to integer optimization is
the so-called sub-modularity of the pairwise terms: a pair-
wise term V(yi;y;) is said to be submodular (or graph-
representable) itV (yi;y )+ V(yisyi)  V(yiiyi)+ Vi),
for any yi;y; 2L. This is the case of our binary term

(yi yj)- Inthis case, the -Expansion algorithm [21]
can be applied. It yields very good approximations to the
MAP segmentation problem and is e cient from a com-
putational point of view, being its practical computational
complexity O(n).

multinomial probabilities for the complete hyperspectral
image. Line 11 computes the MAP segmentation e ciently
by applying the -Expansion graph-cut based algorithm.
The neighborhood parameter for the -Expansion deter-
mines the strength of the spatial prior. For illustrative
purposes, Figure 1 sketches the most relevant components
fof the proposed segmentation algorithm in a ow chart.

Lines 3-8 in Algorithm 2 implement the procedure for ac-
tive selection of unlabeled training samples. The objective
is to select sets of unlabeled samples, based on the actual
results provided by the classier, that hopefully lead to
the best performance gains for the classi er. Contrarily
to active selection of labeled samples [33{35], the selection
on unlabeled samples has not been studied in detail in the
literature. These samples are inexpensive and, thus, the
question of how many unlabeled samples should be used
in hyperspectral data classi cation arises. In the context
of the proposed methodology, however, the complexity of
the learning process increases signi cantly with the incor-
A. Semi-Supervised Algorithm poration of unlabeled samples, leading to cubic complexity

when all samples (labeled and unlabeled) are used for clas-
Let Xpzg f xys; ixng denote the unlabeled set g cation. In turn, active selection of a limited number of
in x. The pseudo-code for the proposed semi-supervised,jaheled samples allows us to reduce computational com-
segmerjtat!on algorl'Fhm W|th discriminative class learning plexity signi cantly and to achieve overall performances
MLL prior is shown in Algorithm 2. that, otherwise, would be only reached with a much larger
number of samples.

Algorithm 2 Semi-supervised segmentation algorithm In this work, we have considered two strategies for the
Input: Dy, Xu, XL+u, Xg7g, GEMiters, BSGiters, , , selection criterion implemented by function' shown in line
, m 5 of Algorithm 2, namely, the following:
1:  while stopping criterion is not satis ed do (i) randomly: in step 5, these m unlabeled samples are
2: b= GEM(Dc;Xu;; , , GEMiters, BSGiters) randomly selected fromX—-
3: b= b(xi;0), Xi 2 X7 (i) maximum entropy: in step 5, these m unla-
4 (P collects the MLR probabilities (15) for all fea- be}ed samEIes have the maximum entropyHI (x;) =
ture vectors in X.+g ) pY;  p*k; X 2 Xt+g which correspond to the
5. Xooy = (P'm) samples near the_ classier _bounda_rles.
(b ' In the literature, active selection studies for the labeled
6 (" (Pim) sel_ectsm unlabeled samples fromX=- samples give evidence that, maximum entropy yields very
See e>.<planat|on ) good performance [13, 34]. However, our research is dif-
7 Xivy -~ Xisu + Knew ferent as we use active selection for the set of unlabeled
8 X5y = Xz X new samples. Nevertheless, we still consider this criterion for

o: end while our approach. In the next section, we will justify the good

10: P = p(xi;b), ' 25 ] behavior of this criterion in the case of active selection of
1: b= —Expansmn(lb; ; neighborhood) unlabeled samples.

Lines 2, 10, and 11 of Algorithm 2 embody the core of C. Overall complexity

our proposed algorithm. Speci cally, line 2 implements the The complexity of Algorithm 2 is dominated by the semi-
semi-supervised learning of the MLR regressors through supervised learning stage of the MLR regressors imple-
the GEM procedure described in Algorithm 1. It uses both mented through the GEM process in Algorithm 1, which
the labeled and unlabeled samples. Line 10 computes thehas computational complexity O(d®(K 1)) as described in



Section IIILA, and also by the -Expansion algorithm used
to determine the MAP segmentation, which has practical
complexity O(n) as described in Section V. Since in most
applications d3(K 1) >n, the overall complexity is dom-
inated by that of the GEM process in Algorithm 1, which
is used to learn the MLR regressors.

As already referred, compared with the semi-supervised
algorithm presented in [13], the proposed semi-supervised
algorithm is (K 1)? faster. For a problem with 500 la-
beled pixels, 224 bands, and 10 classes on a 2.31GHz P
with only the rst 20 iterations, the proposed algorithm
took 10.53 seconds, whereas the algorithm in [13] took
106.77 seconds.

VI. Experimental Results

In this section, we evaluate the performance of the pro-
posed algorithm using both simulated and real hyperspec-
tral data sets. The main objective in running experiments
with simulated data is the assessment and characteriza-
tion of the algorithm in a controlled environment, whereas
the main objective in running experiments with real data
sets is comparing its performance with that reported for
state-of-the-art competitors with the same scenes.

This section is organized as follows. Section A reports
experiments with simulated data, and contains the follow-
ing experiments. In subsection A.1, we conduct an evalu-
ation of the impact of the spatial prior on the analysis of
simulated data sets. Subsection A.2 performs an evalua-
tion of the impact of incorporating unlabeled samples to
the analysis. Finally, Subsection A.3 conducts an exper-
imental evaluation of the increase in classi cation results
after including the active selection methodology. On the
other hand, Section B evaluates the performance of the
proposed algorithm using two real hyperspectral scenes col-
lected by AVIRIS over agricultural elds located at Indian
Pines, Indiana [1], and the Valley of Salinas, California [1].
In this section, the algorithm is compared with state-of-
the-art competitors.

It should be noted that, in all experiments other than
those related with the evaluation of the impact of the
spatial prior, we use RBF Kernels K (x;z) = exp( k x
zk?=(2 ?)) to normalize the data®. The scale parameter
of the RBF Kernel is set to =0:6. In our experiments,
we use all of the available spectral bands without applying
any feature selection strategy. Since we use RBF kernels,
the overall complexity only depends on the total number
of labeled and unlabeled samples. Thus, the application
of feature selection techniques makes no signi cant di er-
ences in this particular scenario. Although this setting is
not optimal for all experiments, we have observed that it
yields very good results in all experiments. In all cases, the
reported values of the overall accuracy (OA) are obtained
as the mean values after 10 Monte Carlo runs, with respect
to the labeled samplesD, , except for the results over the

.....

5 The normalization is x; :=

Xi is a spectral vector and x is the collection of all image spectral
vectors.

AVIRIS Salinas dataset, which are obtained after 5 Monte
Carlo runs. The labeled samples for each Monte Carlo
simulation are obtained by resampling a much larger set of
labeled samples. Finally, it is important to emphasize that
in this section we will frequently refer to classi cation and
segmentation results, respectively, when addressing the re-
sults provided by the MLR (spectral-based classi cation)
and the complete algorithm (which introduces contextual
information to provide a nal segmentation).

C

A. Experiments with simulated data

In this section, a simulated hyperspectral scene is used to
evaluate the proposed semi-supervised algorithm, mainly
to analyse the impact of the smoothness parameter. For
this purpose, we generate images of labelg,2 L ", sampled
froma 128 128 MLL distribution with  =2. The feature
vectors are simulated according to:

Xy, =My, +ny; i2S;y2L" (21)
where xy, denotes the spectral vector, my, denotes a
known vector, and ny, denotes zero-mean Gaussian noise
with covariance 21, i.e., ny,, N (0; 2I).

In subsection A.1, we address a binary classi cation
problem, i.e., K =2, with x,, 2R, my, = ; , k k=1,
and 1. The image of class labely is shown in Fig.
2(a), where labelsy; =1;2 corresponds to ; 1;+1, re-
spectively. In this problem, the theoretical OA, given by
OAopt  100(1 Pe)% and corresponding to the minimal

probability of error [36] is

Pe = %erfc —194% Po + %erfc ‘192—0 P (22)

where ¢=( 2=2)In(po=p.) and po and p; are the a priori
class labels.

In subsection A.2, the images of class labels are gen-
erated with K =10 and my, = sy,, for i 2 S, where sy,
for k 2 L, are spectral signatures obtained from the U.S.
Geological Survey (USGS) digital spectral libraryf. For a
multi-class classi cation problem, because the probability
of error is di cult to compute, we use the error bound

K 1

2

Pe erfc > ;

(23)

where dist,i, denotes the minimum distance between any
point of mean vectors,i.e., distmin = minie; kmy, my K,
for any yi;y; 2L . This is the so-called union bound [5],
which is widely used in multi-class classi cation problems
[37,38].

Finally, in subsection A.3 we use the same experimen-
tal setting as in subsection A.1 except for the number of
spectral band, which is set to 200j.e., xy, 2 R?%,

A.1 Impact of including a spatial prior

In this example, we use a linear kernel in the charac-
terization of the simulated hyperspectral scene because it

6 The USGS library of spectral signatures is available online :
http://speclab.cr.usgs.gov
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Fig. 2. Classi cation and segmentation results obtained af ter ap-

plying the proposed method on a simulated hyperspectral sce ne rep-
resenting a binary classi cation problem. (a) Ground-trut  h class la-
bels. (b) Classi cation result (OA=66.94%, with OA  opt = 75:95%).
(c) Segmentation result(OA=96.41%).

yields the correct discriminative density for the Gaussian
observations with equal covariance matrix. The number of
unlabeled samples is set to zero in this experiment, mainly
because our focus is to analyze the e ect of the spatial
prior independently of other considerations. Figure 3 (a)
illustrates the OA results as a function of the smoothness
parameter It should be noted that the segmentation
performance is almost insensitive to with 1 for the
considered problem. In the following experiments, we em-
pirically set =1. Again, although this setting might not
be optimal, it leads to good and stable results in our ex-
periments.

On the other hand, Figure 3(b-d) presents the OA results

with 5, 50 and 500 labeled samples per class, respectively,

1.0 14 .
Noise Standard Deviation: s

(©
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(d)

with L =10; 2=2. (b), (c) and (d), OA results as a function of the
of the noise introduced in the simulated hyperspectral imag e, considering di erent numbers of labeled training sample s.
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Fig. 4. OAresults as a function of the number of unlabeled sam ples.
(a) Analysis scenario based on a xed number of L =400 (40 labeled
training samples per class) and = 0:4. (b) Analysis scenario based
on a xed number of L =500 (50 labeled training samples per class)
and = 0:45. Solid and dash-dot lines represent random selection
and maximum entropy-based active selection, respectively .

400 500

signi cantly improve the classi cation results provided by

using only spectral information. For illustrative purposes,
Figs. 2(b) and 2(c) show the classi cation and segmenta
tion maps respectively obtained with 2 =2 and L = 100.
In this example, the increase in OA introduced by incor-
porating the spatial prior with regards to the optimal clas-

si cation that can be achieved (OAqp = 75:95%) is clearly
noticeable (about 2046%), thus revealing the importance
of including the spatial prior after classi cation.

A.2 Impact of incorporating unlabeled samples
In this subsection, we analyze the impact of including

as a function of the noise standard deviation . As shown unlabeled samples via an active selection strategy in the
by the plots, it can be observed that the classi cation OA analysis of simulated hyperspectral data. Speci cally, we
approaches the optimal value OA,; as the number of la- consider two selection strategies for unlabeled samples: (i)
beled samples is increased, but it is also clear that the random, and (ii) maximum entropy-based. The latter cor-
number of labeled samples needs to be relatively high in responds to selecting unlabeled samples close to the bound-
order to obtain classi cation accuracies which are close to aries between regions in feature space. Fig. 4 shows the OA
optimal. In turn, it can also be observed in Fig. 3 that the results obtained for the proposed algorithm as a function
inclusion of the spatial prior provides much higher segmen- of the number of unlabeled samples for two di erent anal-
tation accuracies than those reported for the classi cation ysis scenarios: (a) xed number of labeled training sam-
stage (superior in all cases to the values of O4y). Fur- ples, L =400 (40 per class) and noise standard deviation
ther, the sensitivity of these results to the amount of noise  =0:4, and (b) xed L =500 (50 per class) and =0:45.

in the simulated hyperspectral image can be compensated The theoretical OA, termed as OAgx  100(1 Pe)%,
by increasing the number of labeled samples, but accurate where P, denotes the union bound in this problem, is also
values of segmentation OA can be obtained using very few plotted. After analyzing the results reported in Fig. 4, the
labeled samples, in particular, when the amount of sim- following general observations can be made:

ulated noise is not very high. This experiment con rms The inclusion of a spatial prior improves the classi -
our introspection that the inclusion of a spatial prior can cation OA.
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Fig. 5. Changes in the de nition of the boundary by the propos ed
classi er in a binary classi cation problem as the number of  unla-

beled samples (selected using a maximum entropy-based crit erion) is
increased.

The inclusion of unlabeled samples improves the seg-
mentation OA by roughly 15% in Fig. 4(a) and in ap-
proximately 10% in Fig. 4 (b). This e ect is observed
for all considered numbers of unlabeled samples.
Finally, it is clear from Fig. 4 that maximum entropy-
based active selection performs uniformly better than
random active selection in terms of OAs.

A.3 Impact of the considered active selection approach

The main objective of this subsection is to provide an
informal justi cation about why the proposed method for
maximum entropy-based active selection of unlabeled sam-
ples performs accurately in experiments. Fig. 5, with 20
labeled samples (10 per class), illustrates the improvements
in the de nition of the separation boundaries established
by our proposed classi er as the number of unlabeled sam-
ples increases using a toy example. In Fig. 5(a), in which
the noise standard deviation is set to =0:1, red circles
denote the labeled samples. The red line is the classi er
boundary de ned with 0 unlabeled samples. An OA of
79.32% was obtained in this case. The yellow plus signs (a
total of U =50) represent the unlabeled samples. Since
we have selected the unlabeled samples with maximum
entropy, and the entropy of a sample increases as it ap-

proaches the boundary, the selected unlabeled samples are

over the contour and located in the area of higher den-
sity. The inclusion of these samples have pushed the con-
tour outwards, thus ensuring that all of them stay in the
same classi cation region. Of course, the movement of the
boundary in the opposite direction would have also left all
the unlabeled samples in the same side of the boundary but
would have decreased too much the likelihood term asso-
ciated with the labeled samples. In this example, the nal
OA after including unlabeled samples is 98.6%. A similar
phenomenon is observed in Fig. 5(b), in which =0:3 is
considered. For illustrative purposes, Table | shows the
OA results as a function of the number of unlabeled sam-
ples for the example reported in Fig. 5(b). Each column of
Table | corresponds to a di erent type of color/thickness
in 5(b), from the thin red line to the thick red line. It is
clear that, as the number of unlabeled samples increases,
the de nition of the separating boundary improves along
with the overall performance of the classi er.

B. Experiments with real hyperspectral data

In order to further evaluate and compare the proposed
algorithm with other state-of-the-art techniques for classi-
cation and segmentation, in this section we use two real
hyperspectral data sets collected by the AVIRIS instru-
ment operated by NASA/JPL.:

The rst data set used in experiments was collected
over the Valley of Salinas, in Southern California, in
1998. It contains 217 512 pixels and 224 spectral
bands from 0.4 to 2.5 m, with nominal spectral res-
olution of 10 nm. It was taken at low altitude with a
pixel size of 3.7 meters. The data includes vegetables,
bare soils and vineyard elds. The upper-leftmost part
of Fig. 6 shows the entire scene (with overlaid ground-
truth areas) and a sub-scene of the dataset (called
hereinafter Salinas A), outlined by a red rectangle.
The Salinas A sub-scene comprises 8386 pixels and
is known to represent a di cult classi cation scenario
with highly mixed pixels [39], in which the lettuce
elds can be found at di erent weeks since planting.
The upper-rightmost part of Fig. 6 shows the avail-
able ground-truth regions for the scene, and the bot-
tom part of Fig. 6 shows some photographs taken in
the eld for the di erent agricultural elds at the time

of data collection.

The second data set used in experiments is the well-
known AVIRIS Indian Pines scene, collected over
Northwestern Indiana in June of 1992 [1]. This scene,
with a size of 145 145 pixels, was acquired over a
mixed agricultural/forest area, early in the growing
season. The scene comprises 224 spectral channels
in the wavelength range from 0.4 to 2.5 m, nominal
spectral resolution of 10 nm, and spatial resolution of
20 meters by pixel. For illustrative purposes, Fig. 7(a)
shows the ground-truth map available for the scene,
displayed in the form of a class assignment for each la-
beled pixel, with 16 mutually exclusive ground-truth
classes. These data, including ground-truth informa-
tion, are available online’, a fact which has made this
scene a widely used benchmark for testing the accu-
racy of hyperspectral data classi cation and segmen-
tation algorithms.

B.1 Experiments with the full AVIRIS Salinas Data Set

Table Il reports the segmentation and classi cation
scores achieved for the proposed method with the full
AVIRIS Salinas data set, in which the accuracy results are
displayed for di erent numbers of labeled samples (rang-
ing from 5 to 15 per class) and considering also unlabeled
samples in a range fromU = 0 (no unlabeled samples)
to U=2 L. As shown by Table Il, the proposed al-
gorithm obtains very good OAs with limited training sam-
ples. Specically, with only 240 labeled pixels (15 per
class), the OA obtained is 93.87% () =0), 94.70% (U = L)
and 95.13% (U =2 L), which are better than the best re-
sult reported in [10] for a set of SVM-based classi ers ap-

7 http://cobweb.ecn.purdue.edu/ biehl/MultiSpec/



TABLE |
OA (%) as a function of the number of unlabeled samples in the t oy example illustrated in Fig. 5(b).

U 0 50 100 150 200 250 300 350 400 450
OA | 55.78 86.19 89.29 87.30 88.17 87.73 89.45 90.13 90.45 091.05

(@) (b) ()

Fig. 6. AVIRIS Salinas data set along with the classi cation maps by using L =128, U =256. Upper part: (a), right: original image at
488 nm wavelength with a red rectangle indicating a sub-scen e called Salinas A; left, ground truth map containing 16 mutu ally exclusive

land-cover classes. (b) Classi cation map (OA = 82.55%). (c ) Segmentation map (OA = 91.14%). Bottom part: Photographs t  aken at the
site during data collection.
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Fig. 7. AVIRIS Indian Pines scene along with the classicati on and segmentation maps by using L =160, U =288. (a) Ground truth-map
containing 16 mutually exclusive land-cover classes. (b) C lassi cation map (OA = 62.98%). (c) Segmentation map (OA = 74 .98%).



plied to the same scene with a comparatively much higher
number of training samples. Speci cally, the SVM classi-
er in [10] was trained with 2% of the available ground-
truth pixels, which means a total of around 1040 labeled
samples (about 65 per class). The results reported in this
work are only slightly lower than those reported in [39]
using a multi-layer perceptron (MLP) neural network clas-
si er, trained with 2% of the available ground-truth pix-
els, and with multi-dimensional morphological feature ex-
traction prior to classi cation (the maximum OA reported

in [39] for the full AVIRIS Salinas scene was 95.27%, but
this result again used a comparatively much higher number
of training samples).

On the other hand, it can also be seen from Table Il
that the inclusion of a spatial prior signi cantly improves
the results obtained by using the spectral information only
(approximately in the order of 6% increase in OA). Fur-
thermore, the inclusion of unlabeled samples in the pro-
posed approach increases the OA in approximately 1% or
2% with regards to the case in which only labeled sam-
ples are used. The above results con rm our introspection
(already reported in the simulated data experiments) that
the proposed approach can greatly bene t from the inclu-

TABLE Il
Segmentation OAs [%)] achieved after applying the proposed
algorithm to the AVIRIS Salinas A sub-scene using
different numbers of labeled training samples ( L). The
number of unlabeled samples U is set in a range between
U=0 and U=5 L. The classification results obtained by
the proposed method without the spatial prior are also
reported. Each value of OA reported in the table was
obtained after 10 Monte Carlo runs.

L
18 30 48 60
0 93.64| 97.76| 98.00| 99.68
2L 95.71| 98.45| 98.76 | 99.68
3L 95.52| 98.71| 99.40| 99.58
4L 96.70| 99.28 | 99.70| 99.52
5L 96.74| 99.66 | 99.62 | 99.70
Class.(U=5L) | 90.86| 95.01 | 96.74 | 97.47

sion of a spatial prior and unlabeled samples in order to B.3 Experiments with the AVIRIS Indian Pines Data Set

increase the already good classi cation accuracies obtained

using the spectral information only. Fig. 6 (b) and (c) plot
the classi cation and segmentation maps. E ective results
can be seen in these maps.

B.2 Experiments with the AVIRIS Salinas A Sub-Scene

In this experiment, we use a sub-scene of Salinas datasetU =32 k, with k =0;1;

Table IV reports the segmentation and classi cation
scores achieved for the proposed method with the AVIRIS
Indian Pines data set, in which the accuracy results are
displayed for di erent numbers of labeled samples ( rang-
ing from 5 to 15 per class) and considering also unlabeled
samples in a range fromU = 0 (no unlabeled samples) to
;9. As in previous experi-

which comprises 83 86 pixels and 6 classes. As mentioned ments, the number of labeled samples in Table IV repre-
above, this sub-scene is known to represent a challengingsents the total number of samples selected across the dif-

classi cation scenario due to the similarity of the dier-

ferent classes, with approximately the same amount of la-

ent lettuce classes comprised by the sub-scene, which arébeled samples selected for each class. After a detailed anal-

at di erent weeks since planting and hence have similar
spectral features only distinguished by the fraction of let-
tuce covering the soil in each of the 3 meter pixels of
the scene. Table Ill reports the segmentation (with spa-
tial prior) scores achieved for the proposed method with
the AVIRIS Salinas A sub-scene, in which the accuracy
results are displayed for di erent numbers of labeled sam-

ysis of the experimental results reported on Table IV, it is

clear that the proposed segmentation method (with spatial
prior) provides competitive results for a limited number of

labeled samples, outperforming the same classi er without
spatial prior in all cases by a signi cant increase in OA
(the increase is always in the order of 10% or higher).

Further, the use of unlabeled samples signi cantly in-

ples (ranging from 3 to 10 per class) and considering also creases the OA scores reported for the proposed segmen-

unlabeled samples in a range fromJ = 0 (no unlabeled
samples) toU =5 L. The classi cation results (obtained
without using the spatial prior and for U =5L) are also
displayed in Table Ill. As shown by Table Ill, the proposed
algorithm achieved a segmentation OA of up to 99.28% for

tation algorithm. Just as an example, if we assume that 8
labeled samples are used per class, increasing the number
of unlabeled samples from 0 to 288 results in an OA in-
crease of approximately 5%, indicating that the proposed
approach can greatly benet not only from the inclusion

U=4 L and only 5 labeled samples per class (30 labeledof a spatial prior, but also from the incorporation of an

samples in total). This represents an increase of approxi-
mately 4.27% OA with respect to the same con guration
for the classi er but without using the spatial prior. These
results are superior to those reported in [10] and [39] for

the classes included in the AVIRIS Salinas A sub-scene us-

ing an SVM-based classi er and an MLP-based classi er
with multi-dimensional morphological feature extraction,
respectively.

active learning strategy in order to provide results which
are competitive with other results reported in the liter-
ature with the same scene. For instance, the proposed
algorithm yields better results in terms of OA than the
semi-supervised cluster SVMs introduced in [18]. Speci -
cally, when 128 labeled samples (8 samples per class) are
used by our proposed method, the OA of the proposed
approach is 69.79% () = 288, obtained by active selec-



TABLE I

Classification (in the parentheses) and segmentation OAs [%
AVIRIS Salinas data set using different numbers of labeled tr
to U=0;L and 2 L. Each value of OA reported in the tal

] achieved after applying the proposed algorithm to the full

aining samples ( L). The number of unlabeled samples U is set

ble was obtained after 5 Mo nte Carlo runs.

Number of total labeled samples for all classesL()

80 128

160 192 240

2L

86.74 (80.75)
87.20 (80.98)
87.21 (81.14)

88.94 (81.97)
89.54 (82.39)
89.61 (82.40)

91.30 (84.47)
92.31 (84.85)
92.93 (85.07)

92.22 (84.63)
92.42 (84.81)
92.85 (84.84)

93.87 (85.85)
94.70 (86.21)
95.13 (86.49)

tion), which is comparable to the best result 69.82% re-
ported in [18] (using 519 labeled samples). For illustra-
tive purposes, Figs. 7(b) and 7(c) show the classi cation
and segmentation maps, respectively. These gures indi-
cate e ective results without severe block artifacts. Notice
that the results plotted in Fig. 6 and Fig. 7 are obtained

bustness of the method to analysis scenarios in which lim-
ited labeled training samples are availablea priori. In this

case, the proposed method resorts to intelligent mecha-
nisms for automatic selection of unlabeled training sam-
ples, thus taking advantage of an active learning strategy
in order to enhance the segmentation results. A compar-

with just 8 and 10 samples per class, respectively. To give ison of the proposed method with other state-of-the-art
an idea of the quality of this result, we note that the re- classiers in the considered (highly representative) hyper-
cent semi-supervised technique [18] takes, approximately, spectral scenes indicates that the proposed method is very
2 times more training samples to achieve a comparable per- competitive in terms of the (good) overall accuracies ob-
formance, if we take into account only classi cation results, tained, and the (limited) number of training samples (both
and 4 times more, if we use spatial information (see Table labeled and unlabeled) required to achieve such accuracies.

V).
At this point, we want to call attention for the \good"
performance of the proposed algorithm, including the ac-

Further work will be directed towards testing the proposed
segmentation approach in di erent analysis scenarios dom-
inated by the limited availability of training samples a pri-

tive selection procedure, in the four small size classes,ori.

namely \Alfalfa (54 samples)", \Grass/pasture-mowed (26
samples)”, \Oats (20 samples)", and \Stone-steel towers
(95 samples)". Without going into deep details, this per-
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