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Abstract

Phase imaging technologies such as interferometric syntlie aperture radar (InSAR),
magnetic resonance imaging (MRI), or optical interferomety, are nowadays widespread
and with an increasing usage. The so-callegghase unwrapping which consists in the in-
ference of the absolute phase from the modulo-2phase, is a critical step in many of their
processing chains, yet still one of its most challenging pridems. We introduce an en-
ergy minimization based approach to 2D phase unwrapping. In this approach we atiess
the problem by adopting a Bayesian point of view and a Markov mandom eld (MRF)
to model the phase. Themaximum a posteriori estimation of the absolute phase gives
rise to an integer optimization problem, for which we introduce a family of e cient algo-
rithms based on existing graph cuts techniques. We term our approach and algorithms
PUMA, for Phase Unwrapping MAX ow. As long as the prior poten tial of the MRF
is convex, PUMA guarantees an exact global solution. In paricular it solves exactly all
the minimum LP norm (p 1) phase unwrapping problems, unifying in that sense, a set
of existing independent algorithms. For non convex potentals we introduce a version of
PUMA that, while yielding only approximate solutions, give s very useful phase unwrap-
ping results. The main characteristic of the introduced soultions is the ability to blindly
preserve discontinuities. Extending the previous versios of PUMA, we tackle denoising by
exploiting a multi-precision idea, which allows us to use the same rationale both for phase
unwrapping and denoising. Finally, the last presented ver®on of PUMA uses afrequency
diversity concept to unwrap phase images having large phase rates. Apeesentative set

of experiences illustrates the performance of PUMA.

Keywords: phase unwrapping; Markov random elds; energy minimization; graph cuts;

image processing; computer vision.






Resumo

Tecnologias de imagem de fase, tais como, interferometriaom radar de abertura singtica,
imagem de ressonancia magretica, ou interferometria opica, estao, hoje em dia, popu-
larizadas. O desenrolamento de faseque consiste na inferéncia da fase absoluta a partir
da fase modulo-2,e um passo crtico em muitas das suas cadeias de processamto e,
no entanto, constitui ainda um dos seus problemas mais difeis. Nesta tese introduzimos
uma abordagem ao problema do desenrolamento de fase 2D, corase emminimizacao de
energia Abordamos este problema adoptando um ponto de vista bayeaho e um campo
aleabrio de Markov para modelar a fase. A estimativa maximum a posteriori da fase
absoluta da origem a um problema de optimizacao inteira, para o qual introduzimos uma
famlia de algoritmos e cientes com base em tcnicas de cdes em grafos. A abordagem
e algoritmos introduzidos damos colectivamente o nome de PMA (Phase Unwrapping
MAXx ow). Desde que o potencial do campo de Markov seja convex, 0 PUMA garante
uma solwcao global exacta. Em particular resolve exactarante todos os problemas de de-
senrolamento de fase da famlia mnima normalLP ((p 1)). Para potenciais nao convexos
introduzimos uma versao do PUMA que, embora fornecendo umligoritmo aproximado,
produz bons resultados de desenrolamento de fase. A caracdtica principal das soluwcees
introduzidase a capacidade de preservar descontinuidadede forma cega. Outra extensao
introduzida no PUMA reside no atacar do problema da Itragem de rudo, recorrendo
a uma ideia de multi-precisao. Esta permite-nos utilizar oracional desenvolvido para o
desenrolmento de fase na ltragem de rudo. Finalmente, aultima variante apresentada
do PUMA emprega o conceito dadiversidade na frequéncia o qual garante a possibilidade
de desenrolar imagens de fase contendo gradientes elevadtbn conjunto representativo

de experiéncias ilustra 0 desempenho do PUMA em cada uma dasias variantes.

Palavras chave: desenrolamento de fase; campos aleabrios de Markov; mimizecao de

energia; cortes em grafos; processamento de imagem; visgar computador.
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Chapter 1

Introduction

This thesis proposes an approach to 2D phase unwrapping (PU)y adopting a Bayesian
modeling, using an energy minimization criterion, and introducing a family of graph cuts

based algorithms.

1.1 Prelude

1.1.1 Phase imaging

Phase images are nowadays used in a myriad of applications dproduced by a wide range
of techniques from which the prototype is optical interferometry. In fact, the wave nature
of light was demonstrated by Thomas Young with the famous dowle slit experiment
held in 1801 [15]. The phase image then produced, by the intégrence between crests
and troughs, led to a deeper understanding of light. Since tkn, severalcoherent remote
sensing devices have been used to solve innumerable scientind engineering problems:
the basic idea is to measure the coherence between emitted @rscattered waves, in order

to get geometrical and physical information about the illuminated scenes.

1.1.2 Portfolio of applications

Next we make a very quick browse through some of the most repsentative coherent phase

imaging techniques and applications.
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Figure 1.1: Arteriography of the brain. Image courtesy of GE Medical Systems.

Magnetic resonance imaging (MRI)

Clinicians use MRI phase images with several goalse.g., to make real time thermometry
which is crucial in tumor thermo-ablation to mitigate the de ath of healthy tissues [33];
to make venography [85] or arteriography (see Figure 1.1);d make water/fat separation

[90]: this allows quantitative imaging of fat which is usefu, e.g., in obesity studies.

Interferometric Synthetic Aperture Radar (InSAR)

INSAR imaging comprises an ensemble of techniques that prade measurements on ground
surface topography and deformation. Regarding topography INSAR generated digital
elevation models (DEM) are these days widely employed, the mwst famous of which is the
one obtained by SRTM [(Space) Shuttle Radar Topography Mis$n]. In February of 2000,
during ten days only, SRTM covered most of the Earth surface,yielding a global DEM
with 30 m spatial sampling, and 16 m vertical and 20 m horizontl absolute accuracy
(90%)*. Airborne techniques achieve far more detailed DEMs (howeer for far smaller
areas) with standard commercial available sub-meter accuacy and few meters spacing
[75]. Regarding deformation mapping, more recent techniqges like (spaceborne based)
Permanent Scatterers INSAR (PSINSAR) [39] are able to detecdeformations with rates

of the order of 1 mm/year. See Figure 1.2.

LFor accuracy de nitions see, e.g., [25].
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Figure 1.2: Permanent scatterers near Lisbon, Portugal. Clor, from red to green, encodes
the deformation rate ( 10 to 10 millimeters per year, respectively). Image courteg of

Tele-Rilevamento Europa.

Other

Phase imaging is at the core of many other applications and tehniques, namely, di raction
tomography, adaptive optics, surface pro ling, deformation and vibration measurements,

non destructive testing of components and optical quadratue microscopy [35, 82, 87].

1.2 Who cares about phase unwrapping ?

The vast majority of the above mentioned methods, most of thetime, do not measure
the phase but only its modulo-2 value (2 by considering that the phase is measured in
radians). In other words, these phase imaging techniques tyn measure the remainder of
the division of the phase by 2, the so-calledwrapped phase. Yet, the physical meaning
is attached to the absolute phase (we use the term absolute phase to distinguish from
wrapped phase). The inference of the absolute phase imagesin the wrapped ones is

known as the 2D phase unwrappingproblem, which is, then, crucial in many technologies.



4 CHAPTER 1. INTRODUCTION

1.3 This thesis

1.3.1 Addressed problem

This thesis addresses the 2D phase unwrapping problem (forimaplicity we shall drop

hereafter the \2D" pre x). We consider a Bayesian formulati on having a prior given by a
rst-order Markov random eld (MRF), and an observation mec hanism characteristic of
many applications for which phase unwrapping is needed. Thénference of the absolute
phase, given by themaximum a posteriori (MAP), is formulated as a discrete energy
minimization problem. This energy minimization constitut es the main problem to be
addressed by this thesis. Subsidiary topics such as phase masing, frequency diversity
to enhance phase unwrapping, and blind edge preservation artackled under the same

framework.

1.3.2 Motivation

The major motivation for the work in this thesis was the state-of-the-art results, obtained
by Bioucas-Dias and Leitao, with the absolute phase estim#on algorithm Z M [36]. In
that work the authors adopt a Bayesian viewpoint, with a prior for the absolute phase
given by a (rst-order) Gaussian Markov random eld (GMRF). This leads to a phase
unwrapping operation (the Z step), that consists of solving a discrete quadratic opti-
mization problem. In spite of being quadratic, the simple fact of dealing with discrete
variables makes of it a very demanding problem, for which theauthors propose an exact
(and polynomial-time) algorithm based on network programming techniques (furthermore,
generally, the operation deals with a large number of variatkes given by the number of
pixels in the phase image).

The fruitfulness of the above mentioned work made \mandatoy" the prosecution of
further research on phase unwrapping in the sam@ayesian formulation with prior given

by a Markov random eld plus discrete optimization vein. This is the theme of this thesis.

1.3.3 Our path

The biggest methodological innovation in our approach conists, in our opinion, in bring-
ing graph cuts [19] into the phase unwrapping formulation. Gaph cuts technigues have
been being, during the last decade, largely employed in serad research elds (specially in

vision and image processing) which require the solution of igh dimensional discrete opti-
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mization problems, namely for inference on MRFs. At the verybasic level the ideas of our
proposed algorithms and the phase unwrapping step o M are alike: to solve the formu-
lated discrete optimization problem through a sequence of imary optimizations. However,
instead of solving each binary optimization through network programming methods, we
employ graph cuts. These are very well suited to solve binarpptimization problems (but,
by no means, not only) [67].

The use of graph cuts has great impacts. Perhaps the most imnagate which we have
found is that, unlike the formulation of Z M, we have immediate exibility on the type
of MRFs that we can use. As detailed in Section 3.1, the Bayean formulation leads
us to minimize a so-calledenergy function. We found that our algorithm guarantees a
global energy minimum in pseudo polynomial time [1], as longas the MRF potential,
which governs the interactions between pairs of interactiiy variables (we are considering
a rst-order MRF), is any convex function (Z M considers a quadratic potential). This
fact alone yields a family of algorithms, in the sense of fanly of parameterizations of the
algorithm that, for instance, solve any minimum LP norm phase unwrapping problem. See
Chapter 2 for a de nition of this problem.

In image restoration non-convex potentials have been used ith success to preserve
edges [16]. In phase unwrapping, edges also play an importarole (see next section) and,
accordingly, we modi ed the original algorithm to include t hese type of potentials (Chapter
4). The resulting algorithm is approximate in nature, which is all that we can expect in this
regime, in face of the local minima brought by non convexity excluding exponential time
algorithms such as simulated annealing [45]). The experinmgs with which we have tested
it, have systematically shown state-of-the-art competitive or even state-of-the-art results,
with the particularity of being capable of edge preservabiity without prior information on
the edges (some more comments on this in the next section). Tdse results mean that the
devised algorithm systematically nds good energy local mnima. To our knowledge there
is in the literature one previous method that also employs nm convex potentials in order
to preserve edges [86]. We should mention, however, that it @mands a set of parameters
to be tuned. Furthermore we make a comparison between our afiyithm and that one in
a representative experiment illustrated in Chapter 4.

A third distinctive trait of our approach is a denoising procedure (Chapter 5) also
based on the same graph cuts based discrete optimization ratnale. Our idea consists of

sequentially reducing the precisions (the steps) with whib we make the variables change,
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in the energy minimization task. When one precision no longeallows energy decreasing
we change into a smaller one. While this greedy method might aund a bit naive, it is
justi ed by the state-of-the-art competitive results that yields. Unlike traditionally in the
phase unwrapping eld, we employ denoising only after the umvrapping step. This is made
possible thanks to the previous described edge preservaticcapability which, in particular,
allows the existing noise not to compromise the unwrapping pocedure. Conversely, not
making the denoising step before phase unwrapping has the gat benet of avoiding
the denoising to destroy, as a collateral e ect, phase infomation relevant for a proper
unwrapping.

Finally, we also adopted into our method a frequency diverdy technique. Phase
images having high phase rates may compromise the unwrappintask (see Chapter 2).
An ingenious and simple technique, used in some elds like Réar signal processing [80],
which is called frequency diversity, allows to solve an idetical problem. The foundation of
the technigue can be found in the chinese remainder theorenb9] from which we can, given
some assumptions, guess a number given its remainders frorhé divisions by two other
numbers specially chosen. To our knowledge the existing pls® unwrapping literature
adopting phase diversity is very scarce (Chapter 6). Furthemore, those existing works
devise algorithms which, in our opinion, are too simplisticor employ optimization methods
like simulated annealing, which are inadequate to the probém by consuming too much
time. Again we use graph cuts to implement the algorithm.

For the reasons that were sustained before we, hereafter, ah refer to our method as

an energy minimization approach to the phase unwrapping prolem.

1.3.4 Motivation a posteriori

In the strict sense phase unwrapping is an impossible probia, as to a certain wrapped
phase value there correspond an in nite number of possiblelasolute phase values. In math-
ematical parlance, this fact translates into phase unwrapjing being an ill-posed problem
[56]. To work around this fact, and achieve phase unwrappingsome extra information or
assumption is required.

It does not take much imagination to assume that some kind of elation might exist
between neighbouring pixels. Namely, in the Bayesian formiation the interactions be-
tween pixels are governed by a potential and, generally forery formulation, its assumed

that in principle, neighboring pixels's absolute phases dmot di er by too much In fact,
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this assumption is present, more or less explicitly, in all @proaches to phase unwrapping
under the name ofltoh condition, where by too much it is intended, exactly, more than

rad. This condition ensures the annihilation of the intrinsic ambiguity present in the
wrapped phase values, in the sense that if two neighbors's ablute phases do not di er by
more than , then we can unambiguously tell the absolute phase in one ofem given the
absolute phase in the other. We will refer to some other arigsig complications in Chapter
2, when describing certain methods that explicitly lay upon the Itoh condition.

What if in fact the Itoh condition does not apply, and the die rence between the
absolute phases of two neighboring pixels di ers by more tha ? In fact, what if such
a kind of bad behaved phase di erence happens not only betweetwo pixels, but along
many other neighboring pairs of pixels de ning a curve alongsome part of the image?
This scenario is in fact very much common in real world imageswhere thesediscontinuity
edges are due to boundaries of objects or, generically, regis having some relevant (to the
phase images) characteristic (like,e.g., height in INSAR). We can guess that it is likely
that a phase unwrapping algorithm will tend to behave poorly around discontinuities. In
fact, that is the case for the streamline state-of-the-art o otherwise noteworthy algorithms.
However, we have found that our approach tends to behave welspecially while employing
non-convex potentials. In Figure 1.3 we illustrate this with an extremely hard phase
unwrapping problem. The 3-D mesh of the original phase imagecorresponds to two
intertwined spirals. Such an image has a lot of discontinuites, which induces a very hard
phase unwrapping problem. Figure 1.3 (a) shows the correspuling wrapped phase image
and Figure 1.3 (b) shows the unwrapped image with Figure 1.3¢) displaying its 3-D mesh.
To our knowledge no other algorithm is able to solve this phas unwrapping problem. To
do that other algorithms require that the user feeds in information about the localization
of the discontinuities, otherwise the solution will not preserve them. On the contrary,
the algorithm proposed in this thesis has the capability of Hindly preserve discontinuities,
specially while working with non-convex potentials.

This result alone is, in our opinion, one of the nicest featues of the presented approach,

and justi es the e orts made to accomplish this work.

1.3.5 Energy minimization

In this work we approach the phase unwrapping problem as a laeling task on a 2D grid,

where sites in the grid correspond to the image pixels. The lael we assign to each site
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(©)

Figure 1.3: Extremely hard phase unwrapping problem. (a) Wrapped phase image. (b)

Unwrapped image. (c) 3-D mesh of the unwrapped image.
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corresponds to the estimate quantity that should be added tothe respective wrapped
phase, in order to obtain the absolute phase. By adopting a Bgesian formulation in
which the prior probability for the absolute phase is given by a Markov random eld (over
the same grid), the maximum a posteriori (MAP) estimate for the absolute phase is given
by an energy minimization [6, 45]. This energy is made of two terms: a data term which
penalizes inconsistency between the observed and the estated phases, and a smooth
term which encodes some type of smoothness between the phaskneighboring pixels.
More precisely, by de ning | to be a labeling, i.e., the set of labels assigned to every pixel

p, the energy is:

E = Egata(l) ¥ E smootn (1); (1.1)

where s the so-called regularization parameter that sets the bance between the data

term and the smooth term and, de ning |, to be the label of pixel p, we have:

X
Edata (l) = dp(lp);
p

dp being a data cost for pixelp, and

X
Esmooth (1) = qu(lpilq);
fp;ag2N

whereN is the set of all pairs of neighboring pixels (adjacent horinntal and vertical pairs,
in our case), andV is the prior potential de ned by the Markov random eld, pena lizing
somehow non-smoothness. In our particular case, furthernre, the data term is given by
the cosine of the di erence between absolute and wrapped plses.

To the above described minimization problem we still add theknowledge that the dif-
ference between wrapped and absolute phases is a multiple &f. This has two immediate
consequences: rst the energy turns out to be discrete (in mliiples of 2 ); second, the
data term evaluates to zero as it is, in our case, given by the asine of the dierence
between absolute and wrapped phases. We are led to a high dimsional discrete opti-
mization problem (the dimension is the number of pixels, whch can be millions) which is,
then, usually a hard task.

Energy minimization is considered in several di erent elds, particularly in computer
vision where it proofs to be very powerful and elegant. Thereit has been employed in many
applications, e.g., image restoration [45, 6], surface reconstruction [14],tereo matching

[3], image denoising, segmentation, inpainting and stitcing [92], video segmentation [78]
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and face matching [2]. The adoption of energy minimization h computer vision was
hampered by the lack of powerful enough optimization techngues to e ciently perform it.
For many years, the methods of choice were mainly Iterated Coditional Modes (ICM) [6]
and simulated annealing [65, 45], which have shown lack of eciency [92]. As referred in
[79], by the beginning of this century a few papers, includig hamely [61, 17, 20], brought
the attention of the computer vision community to the graph cuts techniques, and its
extremely e cient performance in energy minimization for c omputer vision applications
(the seminal work using graph cuts for vision had been publised more than a decade before
[54]). In this work we also propose a graph cuts based set of gdrithms to approach our
energy minimization, in order to achieve phase unwrapping.In fact, the algorithms which
we propose have a close relation with certain energy minimition algorithms in computer

vision. We will now brie y refer to this.

Exact algorithm

In Chapter 3 we propose an algorithm to solve the above desdred energy minimization
problem, with the potential V being an arbitrary convex function. As in many applications
in vision, the smoothness energy term involves a function with depends on the di erence
of labels at neighboring pixels: Vpq(lp;lq) = Vpo(lp  1q) as a way to somehow penalize
big di erences between labels of adjacent pixels. This algdthm is exact, has pseudo
polynomial complexity [1] and is fast (see Chapter 3). By thetime we developed our
work, another approach to exact energy minimization was inegpendently developed by
krome Darbon and Marc Sigelle [31, 28], by also using grap cuts and by using level sets
technigues. In that work the authors consider the existenceof a convex data term, which
in our approach is also straightforward to consider if we lile, and for the potential V in the
smoothness term, the potentialV is considered to be the (non isotropic) total variation.
This energy is clearly more restrictive than ours. In that work, the authors illustrate the
power of the approach, by making image denoising considerinan energy having anL?
data term (it represents the square of the di erence betweenthe data and the optimal
solution) and (non isotropic) TV smoothness term, where TV means the total variation of
the optimal solution (total variation has been conjectured to be a good image model since
seminal work of Rudin [89] and Rudin, Osher, and Fatemi [68]) This implicitly quali es
our algorithm to also perform that kind of image denoising.

Rather than considering the L2 as the data term, in our phase unwrapping problem
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we know that it is given by a cosine. More precisely, as alreag referred, the cosine
of the di erence between the observed and the estimated phas. Thus being, to make
denoising, we devised a procedure of going on with the energpinimization by searching
for the unwrapped phase with increasing submultiples of 2, until a certain stopping
precision. By, thus, increasing the precision of the stepsni the minimization, we expect
to make denoising, and so it happens with all the experimentsve performed. Obviously,
having a data term which is non convex goes out of the scope ofuo proposed algorithm.
To cope with that, we have devised an approximate version ofti We should refer that
after we have developed and published our approximate versh of the algorithm, two
other approaches were published by Vladimir Kolmogorov [66 and by Eréme Darbon
[30] (Darbon published a previous not so powerful result in 29]), which propose e cient
global energy minimizers valid as long as the potentiaV is convex. The main advancement

consists of allowing any data term (be it convex or not).

Approximate algorithm

Although we might employ one of the last two cited algorithms to implement the above re-
ferred denoising (which uses the non convex data term), thetallenge of making phase un-
wrapping that preserves discontinuities (preserves boundries of regions) led us to consider
discontinuity preserving potentials which, in particular , are non convex [55, 93]. Many of
the energy minimization applications in vision also require a non convex potential. Such
minimization problems are known to be extremely di cult to s olve exactly. In fact, even
for one of the simplest non-convex potentials, given by the Btts model, the optimization
turns out to be NP-hard [20]. In this thesis we propose an appoximate algorithm which
is a modi cation of the exact one, and relies, basically, on amaximization-minimization
approach and the enlargement of the moves employed. The phasunwrapping results
prove to be state-of-the-art competitive, being sometimeghe state-of-the-art. We plan in
the future to evaluate the performance of the algorithm in sone computer vision problems

namely stitching, inpainting, denoising, stereo matchingand object recognition.
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1.4 Contributions

List of papers

The following papers, which substantiate this thesis, werepublished in reviewed journals
and conferences:

Journal

1. G. Valadao and J. Bioucas-Dias, \CAPE: Combinatorial Absolute Phase Estima-
tion", Journal of the Optical Society of America A (Optics, | mage Science and

Vision). September 2009 (pp. 2093 - 2106) [96].

2. J. Bioucas-Dias and G. Valadao, \Phase Unwrapping via Gaph Cut", IEEE Trans-
actions on Image Processing, March 2007 (pp. 698 - 709) [11].

Conference

3. J. Bioucas-Dias and G. Valadao, \Multifrequency Absolue Phase Estimation via
Graph Cuts", in Proceedings of the 17th European Signal Proessing Conference -

EUSIPCO2009, Glasgow, Scotland, August 24-28, 2009 [13].

4. G. Valadao and J. Bioucas-Dias, \Phase Imaging: Unwrapmg and Denoising with
Diversity and Multi-Resolution”, in Proceedings of the 7th Conference on Telecom-

munications, ConfTele2009, Santa Maria da Feira, Portugal May, 2009 [97].

5. G. Valadao and J. Bioucas-Dias, \Phase Imaging: Unwrapmg and Denoising with
Diversity and Multi-Resolution”, in Proceedings of the 2008 International Workshop
on Local and Non-Local Approximation in Image Processing, INLA 2008, Lausanne,

Switzerland, August 23-24, 2008 [98].

6. J. Bioucas-Dias and G. Valadao, \Phase Unwrapping via Diersity and Graph Cuts",
in Proceedings of the IWSSIP 2008 (15th International Worksop on Signals, Sys-

tems and Image Processing), Bratislava, Slovak Republic, une 25- 28 [12].

7. G. Valadao and J. Bioucas-Dias, \PUMA: Phase Unwrappingvia Max ows", in
Proceedings of the 6th Conference on Telecommunications, dhfTele2007, Peniche,

Portugal, May, 2007 [95].
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J. Bioucas-Dias and G. Valadao, \Discontinuity Presening Phase Unwrapping using
Graph Cuts", in proceedings of the Energy Minimization Methods in Computer
Vision and Pattern Recognition EMMCVPRO05, St. Augustine, U.S.A, Vol. 1, pp.
268-284, November, 2005 [8].

J. Bioucas-Dias and G. Valadao, \Phase Unwrapping: a NewMax- ow/Min-cut
Based Approach”, in Proceedings of the IEEE International Conference on Image

Processing - ICIP2005, Genova, Italiy, September, 2005 [9]

J. Bioucas-Dias and G. Valadao, \Phase Unwrapping via Gaph Cuts", in Proceed-
ings of the 2nd Iberian Conference on Pattern Recognition ad Image Analysis -

IbPRIA2005, Estoril, Portugal, 2005 [10].

G. Valadao and J. Bioucas-Dias, \Phase Unwrapping Via Gaph Cuts", in Global
Developments in Environmental Earth Observation from Spa®: 25th EARSEL Sym-

posium, EARSEL2005, Porto, Portugal, June 2005 [94].

Next we list, synthetically, the major contributions of thi s thesis:

1.5

A new approach to phase unwrapping [10, 94, 11].

Uni cation of the minimum LP norm, p 1, phase unwrapping problems [9, 8, 95,

11].

Proposal of approximate phase unwrapping algorithms able @ consider non-convex

potentials in the MRF [9, 8, 95, 11].

Denoising procedure sharing the same discrete rationale gdhase unwrapping [98,

97, 96].
Frequency diversity phase unwrapping [12, 13].

Development of algorithms that are interesting to other domains such as.e.g. com-

puter vision.

Dissertation outline

This dissertation is divided into seven chapters. Chapter 2formulates the phase unwrap-

ping problem, gives a brief overview of the main approachesa solving it, and makes refer-

ence to some state-of-the-art or otherwise outstanding algrithms. Following it, Chapter
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3 establishes the (Bayesian) adopted modeling, and introdces our aproach, that we name
PUMA, to phase unwrapping. Besides experimental results tlis chapter puts emphasis
on theoretical and algorithmic issues. Subsequently, Chaer 4 presents the variant of
PUMA that has the ability to blindly preserve discontinuiti es, and presents some exper-
imental results and benchmarking. Then, Chapter 5 brings ot the denoising version of
PUMA, also showing some benchmarking and experimental redts. Finally, Chapter 6
introduces frequency diversity illustrating it with exper iences, and Chapter 7 succintly
draws conclusions about the introduced approach setting soe future research directions.
Figure 1.4 depicts the main logical interdependences betven the chapters of the dis-

sertation.
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Figure 1.4: Thesis outline.






Chapter 2

Phase Unwrapping

We have alluded, in the previous chapter, to the plethora of hstances where phase imaging
sensors are only able to retrieve the wrapped phase instead its absolute (i.e., real) value
[47, 49, 82, 91]. This makes phase unwrapping extremely impt@ant in the eld of phase
imaging technologies.

Putting it a bit more formal, let us de ne the wrapper operato r W () by

W: R ! [0, 2)
7! 2k;

2.1)

where k 2 Z is such that 2k 2 [0; 2 ). Therefore, W is simply the modulo-2
operator. The inverse operation,i.e., to get given 2k 2 [0; 2 ) constitutes the
phase unwrappingproblem. The variable is the absolute phasgwhich corresponds to
some physical quantity that depends on the application, and 2k is the wrapped phase
which is the observed quantity. In this dissertation phaseis a real variable with the usual
physical meaning concerning the waves used in the imaging tBnigue under consideration.
Alternatively, the wrapper operator is, very often, de ned according to
W: R ! [ ;)
7! 2k;

2.2)

wherek 2 Z is such that 2k 2[ ; ). According to (2.2) operator W, thus, wraps
any phase into the principal interval [ ; ) and, thus, it is in essence the modulo-2
operator. In what follows we will use both equivalent de nitions (2.1) and (2.2); at each
time, if relevant, the de nition at use will be evident from ¢ ontext.

As previously mentioned, phase unwrapping is an ill-posed mblem [56] as to a certain

wrapped phase value there corresponds an in nite number of pssible, in theory, abso-

17
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Figure 2.1: (a) Modulo-2 wrapped image and its mesh rendering. (b) Possible unwrappe
solution and its mesh rendering. (c) A second possible unwigped solution and its mesh

rendering.

lute phase values. Figure 2.1 illustrates this lack of unigeness intrinsic to unwrapping,
by using a toy example employing 3 3 images. Figure 2.1 (a) shows a wrapped im-
age, together with a corresponding mesh rendering. Figure2.1 (b) and 2.1 (c) present
two di erent possible corresponding unwrapped images, alog with their mesh renderings
which emphasize how di erent those solutions are. To overcme the ill-posedness of phase

unwrapping, additional or a priori information is needed.

2.1 The Itoh Condition

The Itoh Method

An assumption taken by most phase unwrapping strategies, igshat the absolute value of
phase di erences between neighbouring pixels is less than rad, the so-called Itoh condi-
tion [62]. If this assumption is not violated, it eliminates the ill-posedness of the problem,
allowing the absolute phase image to be easily determined ufp a constant. Introducing

some simple notation, let us consider a sequende g of values of neighbouring pixels over

an absolute phase image, and de ne a corresponding sequencklinear di erences by

n= n n 1 (2.3)
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Hereafter, will always be denoting an absolute (.e., unwrapped) phase, and a wrapped
phase; the operator de nition as a linear di erence will ho Id, irrespective of phase being
an absolute or a wrapped one.

The Itoh condition can be expressed as
Joai<: (2.4)
From (2.3), it comes immediately
n= m 0; (2.5)

as the intermediate sequence values cancel out each other. olN, from (2.2), we have

W(n)= n 2kpn (ks2 2Z) and so,
W( n)= n n1 2 (kn kn 1) (2.6)

wherekn;kn 12 Z. We can, thus, introducing (2.3), write

Y\LY}/( n); = nl 2 (kn t(f 1) Zk}; (2.7
a b

where kn;ky 1;k 2 Z, and 2k is the proper 2 multiple to bring a into the principal

interval. From (2.4) and knowing that by de nition jaj , we have necessarilyb = 0,
which allows us to write,

W[ W( )= n- (2.8)

Finally, introducing (2.8) into (2.5) we obtain:

X0
m W[ W( )+ o (2.9)

n=1
which gives us a procedure for obtaining the unwrapped phasen any pixel, , from the
wrapped phase values along any path linking that pixel to aneher, for which the absolute
phase value, g, is known: the Itoh method. By covering the image with a path, it allows
us to unwrap an entire image up to a constant (the absolute phae value for one pixel in

the image) given that the Itoh condition is satis ed (on the p ath).

A Smoothness Assumption

Again referring to Figure 2.1, the image in Figure 2.1 (b) clarly veri es the Itoh condi-

tion, while image in Figure 2.1 (c) does not. These two imagesorrespond to very di erent
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absolute phase solutions, the rst one showing the smoothrgs assumption that Itoh con-
dition holds for the absolute images. This is, in fact, the cae in many phase imaging
applications, where phase is very often spatially smooth qgrat least, piecewise smooth.

It is instructive to note that the Itoh condition can also be u nderstood as a version of
the Nyquist sampling theorem. Nyquist's theorem states tha a continuous, bandwidth-
limited, signal® can be completely reconstructed from a sampling made, aimogverywhere,
at a frequency greater than the double of its higher frequeng component w [102]. This
means that, the \minimum" sampling must have a frequency higher than 2w, for which the
samples present a phase di erence less than radians, which is exactly the Itoh condition
(2.4). Furthermore, as stated in Nyquist's theorem, Itoh condition can be relaxed just to
be satis ed almost everywherein the image.

Itoh condition lies at the heart of most phase unwrapping tediniques, hence the em-
phasis we have put on it in this section. In the following one,we will brie y review the

main phase unwrapping approaches and representative statef-the-art algorithms.

2.2 Main Phase Unwrapping Approaches and
State-Of-The-Art Algorithms

We have seen that Itoh condition immediately provides a phas unwrapping method,
which, as explained in the previous section, employs a pathdllowing concept. Never-
theless, it is unrealistic to expect it to be applicable eveywhere, as phase images very
often exhibit discontinuities, i.e., neighbour pixels phase di erences larger than radians,
which constitute violations to the Itoh condition. Moreover, noise also introduces phase
discontinuities.
In this scenario, the phase unwrapping problem is rather moe di cult and a great

number of solving techniques (exact or approximate) have ben proposed in the literature.
In this section, we succinctly overview the main approachesand highlight some of the

representative algorithms.

2.2.1 Path Following Methods

Path following methods directly apply the concept, introduced in the Itoh algorithm, of

discrete phase integration along a path. Given a starting pxel, for which the absolute

LA continuous function whose Fourier transform power spectr um is limited [102].
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Figure 2.2: (a) Wrapped image. (b) A possible unwrapped soltion. (c) Another possible

unwrapped solution.

phase is known, Itoh method prescribes on how to compute the lzsolute phase on any
other pixel, without restricting the path linking the two wh atsoever. A basic question
arises, though, on whether this discrete integration is, ingeneral, path independent. The
answer to this question is negative, as is illustrated in Figire 2.2, where a very simple
counter-example is given. There, we depict an elementary vapped image [Figure 2.2 (a)]
along with the unwrapped solutions obtained by employing the Itoh condition using two

distinct paths linking the start pixel (represented by a hollow square) and the end pixel
[Figs. 2.2 (b) and (c) respectively]. In what follows, we cal parallel paths to any two

(or more) paths sharing the same start and end pixels. As can & seen, in this case the

integration is path dependent.

Residues

These path dependence phenomena in 2D phase unwrapping werst reported by Ghiglia
et al. in [48]. There, furthermore, the authors observed that the inconsistencies were
restricted to some regions in the phase image.

We note here that path integration dependence among two parkel® paths can be
tested by reverting the direction of one of them, and then integrating along the resultant
closed loop path. Clearly, there is path dependence when thajuantity does not evaluate
to zero.

Accordingly, to identify in full detail the inconsistencie s locations in the image, Ghiglia
et al. devised the (natural) strategy of path integrating the phase around every elementary

2 2 loop; whenever that sum is not zero, it signals an inconsigincy located precisely

2By de nition, path integration dependence is to be tested be tween parallel paths.
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Figure 2.3: (a) An elementary closed loop having a residue. fie path integration always
sums up to a 2 multiple, and in this case the residue charge is negative. (bAny closed
loop can be given as composition of elementary closed loopdn this sketch each pair
of cancelling elementary path components is signalled by aed ellipse. The remaining

components constitute the original outer closed path.

on that loop. Later, the term residue®, instead of inconsistency, was introduced by Gold-
stein et al. in [53], and became the standard term ever since. By converin residues are
computed using counter-clockwise closed loops, the absa&ivalue of the sum is always
a 2 multiple?, as illustrated in Figure 2.3 (a), and its signal de nes the residue charge
sometimes also termedesidue polarity. It should be noted thata 2 2 loop is elementary,
in the sense that it is the shortest closed path that we may dene and, accordingly, any
closed path can be given by a composition of all such elementa loops that it encloses;
Figure 2.3 (b) illustrates this issue. Therefore, given twoparallel paths and considering
again the correspondent closed loop, the sum of the enclosedsidues is an e ective cri-
terion for inconsistency detection. We must remark at this point that while, as above

referred, a residue implies a phase discontinuity existere; the converse implication does
not hold. Therefore, additional information is very often, even if implicitly, introduced, as

will become apparent in the next sections.

Branch Cuts Algorithms

A strategy to overcome path dependence in path following phae unwrapping methods is
to connect opposite charge residues with certain lines withwhich integration paths are

not allowed to have cross-overs. In this way, the net charge fopossible residues that may

%In a clear resemblance with complex analysis.
41t can be easily shown [49, Chap.2].
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Figure 2.4: Example of residues and respective possible hmah cuts con gurations (taken
from [49]). Positive charged residues are represented by &tk dots and negative charged
ones by white dots. (a) lll branch cuts con guration. (b) Min imum length branch cuts

con guration.

be enclosed on any path, is necessarily zero and, as arguedthre previous section, there
is no path dependence phenomena (as alluded before, this dorot ensure a correct phase
unwrapping though). Those lines are the so-callecbranch cuts’; other valid branch cuts
are those linking a residue to a border of the image (it makestiimpossible for any path
to encircle the residue). From the many PU algorithms of the lranch cuts type published
in the literature, we emphasize [53] by Goldstein, Zebker, ad Werner, published in 1988,
which is one of the earliest to be reported in the 2D phase unvapping literature.

Choosing the placement for the branch cuts is a critical task as illustrated in Figure
2.4 taken from [49]. In Figure 2.4 (a), we show a set of opposit charges residues and a
certain branch cuts con guration. Clearly, that is an ill ch oice, as there are large isolated
regions which will always remain s8, and the lengthy branch cuts almost isolate other huge
regions as well. The proposed con guration in Figure 2.4(b)is clearly better, suggesting
the minimization ot the total branch cuts length as a criteri on to the choice of the cuts
con guration.

To minimize the total branch cuts length is, by itself, a very di cult problem. That
is why Golsdstein's algorithm only solves it approximately. Besides being seminal in the
phase unwrapping literature, Goldstein's algorithm is still competitively fast and does not

restrict itself to creating dipoles, but also residues clugers’. Other branch cuts algorithms

SAlso termed residue cuts by some authors.
6As integration paths cannot traverse branch cuts.
"More complex structures in which same charge residues are lhked together forming charged clusters.
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include, e.g., [58], [26].

Quality Guided Algorithms

This class of algorithms employs quality maps to guide the itegration paths. By noting
that residues tend to be located in low quality regions of theimage [49, Chap.4], they use
the additional information to avoid residues-originated path dependence without, however,
explicitly identifying those residues. In fact, they constitute an attempt to overcome the
possible misplacement of branch cuts which, as previouslyeferred, is a di cult problem.

Many of these techniques basically adopt the criterion of I&ing the quality values to
de ne the order by which phase is unwrapped, giving priority to high quality phase pixels
[88], [73].

A further development is the design of algorithms using quaty maps to delineate the
branch cuts [83], [34], [40]. In doing so, they attempt to emjoy the additional information
contained in the quality maps, as well as retaining the brant cuts guarantee of path
integration independence.

When a good quality map is lacking, the performance of the Galstein's algorithm is

found to be superior to the performance of quality guided algrithms [49, Chap. 4].

2.2.2 Minimum Norm Methods

In the previous section, we introduced a seminal phase unwgping class of methods which
rely on path following concepts. Now, we will overview anotlker major approach to phase
unwrapping: the minimum norm methods. As will become appareét in what follows,

they rely on a completely di erent concept. While path following methods are local in
nature, minimum norm methods adopt a global perspective, adressing the problem via

optimization procedures that involve the image as a whole.

The Minimum  LP Norm

Minimum norm methods try to nd an absolute phase image solution 8, for which the LP

norm?® of the di erence between absolute phase's linear di erencg'® and wrapped phase's

The opposite charged clusters are then connected by a branchcut to balance charge.
8When referring to a whole image, instead of one of its pixels, we will employ boldface types.
9This is an analogy with norms de ned in LP spaces, which are measure theory concepts. For further

reading see,e.g., [84].
The term linear di erence is employed here as the di erence between neighbour pixels \alues.
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linear di erences, horizontal and vertical, is minimized. This kind of methods, thus, look
for unwrapped phase images whose local variations match thmeasured local variations,
in a certain sense that is given by the particular LP norm chosen, as detailed in the next
paragraph. So, in fact, they can be considered as surface ihg processes.

More formally, the minimization goal is to yield an unwrapped image solution ™, and
can be expressed by

" =argmin E( ); (2.10)

with E( ) being the above referredLP norm which is given by

o1 A A p K IX y y _
E( ) = m;n m;n + J m;n m;njp; p O (211)
m=1 n=1 m=1 n=1
and

h . \ .
m;n m;n+1 m;n » m;n m+1;n m;n

h . .

m;n w ( m;n+1 m;n) ’ v m;n w ( m+1;n m;n) )

where is a possible unwrapped phase image, is the wrapped phase imageM and
N denote, respectively, the number of lines and columns in thémages, "()and V()
denote the horizontal and vertical linear di erences, respectively, and W is the wrapper
operator introduced in expression (2.2). Let us note here tht the presence of the wrapper
operator is, again, a way of applying the ltoh condition*!. Given that by hypothesis

= +2 Kk, wherek is an integer image, (2.11) turns into

¥ o '
E( )= Kmn + J Vkm;nlp; p O (2.12)
m=1 n=1 m=1 n=1
where
hI(m;n I(m;n +1 km;n ; vkm;n km+l;n I(m;n ;

and where, without loss of generality, we do not care about a 2 factor attached to the
integer values. From (2.12) we can see that we are dealing witan optimization problem

constrained to the integers.

7o illustrate the importance of operator W in this formula, let us consider two neighbour pixels with

phase values 0:1and +0:1, respectively. Their correspondent derivativeis =0 :2. On the other hand,

their wrapped counterparts are 0:1 and + 0:1 respectively, and accordingly, their correspondent
derivative is = 2 +0:2. Obviously, it is desirable to t the derivative of the unwr apped solution to
thetrue =0 :2andnotto = 2 +0:2. ltis, therefore, convenient to apply the wrapper operato r to

annihilate the erroneous introduced 2 ambiguity in the latter derivative value.
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Furthermore, when a quality map Q is available, it is possible to derive horizontal and
vertical quality measures [41]Q" and QV, respectively, and it can be de ned a weighted

LP norm analogous to (2.11):

o1 . N h p KX _ ,
E( )= Omin m;n mn * OnnJ " min Y mnl®ip 0

m=1 n=1 m=1 n=1
(2.13)
Namely, in regions where it is known to exist absolute phase idcontinuities, or noise
corruption, we can setgm:, to low or zero values and, so, reduce the poor quality phase's
in uence on the unwrapped solution [49, Chap. 4].

Expressions (2.10), (2.11), and (2.13) clearly highlight he global character of these
techniques, in the sense that all the observed phases are wséo compute a solution.
Distinct exponent p values in LP norms yield distinct properties in the unwrapping per-
formance; usually onlyp 2 values are employed and namelyp = 0;1;2 are the most
representative. We will next quickly refer to some of the corespondent algorithms for

thesep values.

L2 Norm Algorithms

With p =2 we have a least squares problem. We remark here that the miimization of an
LP norm, as de ned above, even just forp = 2 is a discrete minimization problem which
is very demanding from the computational point of view [49, Chap. 5]. As such, the great
majority of the existing algorithms are approximate ones. In addition, a drawback of the
L2 norm based criterion is that it tends to smooth discontinuities, unless they are provided
as binary weights.

Fried and Hudgin were the rst to propose least squares type jpase unwrapping ap-
proximate algorithms [42], [57]. Since then, many algoritims have been published, from
which we highlight (due to popularity) those approximating the least squares solution by
relaxing the discrete domain ZMN to RMN | In doing so, they intend to overcome the
complexity introduced by the discrete nature of the problem It can be shown that in
the continuous domain, the problem is equivalent to solvinga Poisson partial di erential
equation [49, Chap. 5]. This has been solved by applying teatiques using fast Fourier or
cosine transforms, and then coming back to discrete domairbD]. An exact solution to least
squares is developed as a step of the M algorithm in [36], using network programming

techniques.



2.2. MAIN APPROACHES AND NOTEWORTHY ALGORITHMS 27

L* Norm Algorithms

L1 norm performs better than L2 norm in what discontinuity preservability is concerned
[68], [77]. Such a criterion has been solved exactly by Flynj41l] and Costantini [24],
using network programming concepts. We here highlight witha little more detail Flynn's

algorithm, as it is somehow closer to our own approach.

Flynn's Minimum Discontinuity Algorithm

As presented previously, phase unwrapping is an inverse phdem with relation to the
wrapping process, which in turn, by de nition, creates discontinuities in the wrapped
image. Given that the discontinuities in the unwrapped image should be limited to noisy
areas and to the true absolute image discontinuities, whicloften can be identi ed in quality
maps, Flynn's algorithm [41] fundamental idea consists in boosing between the possible
unwrapped images, the one which minimizes discontinuities Basically, this algorithm
operates by applying iteratively an elementary procedure 6 partitioning the image in two
connected regions and, then, adding a 2 phase to one of them, such that the weighted
sum of discontinuities decreases.

Introducing, succinctly, the notation used by Flynn in [41], let us de ne, respectively,

the vertical and horizontal jump counts by:

. n +
Vmn = —on M 0 ; (2.14)
’ 2
. . +
Zmin = m;n 2m,n 1 ; (2.15)

where (Mm;n) represents the usual pixel indexing, andbxc is the largest integer less or
equal than x. A jump count is, then, the multiple of 2 that is required to annihilate
a discontinuity (we recall that a discontinuity exists when two neighbouring pixels phase
di erence is greater than ). The goal of Flynn's algorithm is, thus, to minimize the L*
norm of the (weighted) jump counts (2.16)
X

E = Winn iVmin ] + Wi iZmni s (2.16)
where wy,., and wf,., denote vertical and horizontal weights, respectively, whch are de-
rived from quality maps. It should be noted that the minimiza tion procedure is guaranteed

to reach the global minimum [41].
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2.2.3 Low p Valued LP Norm Algorithms

With 0  p < 1 the discontinuity preserving ability of the minimum LP norm algorithms
is further increased at stake, however, of highly complex gorithms [21]. In particular,
the L° norm is generally accepted as the most desirable in practiceThe minimization of
the LP;0 p< 1, normis, however, an NP-hard problem [44], [21], for whictapproximate
algorithms have been proposed in [49, Chap. 5] and [22]. An {arpretation for the bene ts
of the LY norm (and, for that matter, the LP norm with 0 p < 1) is the sparsity of the
solution which, for LP norms, is highest forp = 0. It is accepted (in the phase unwrapping
community) that those sparse solutions, which tend to concatrate the discontinuities in a
few locations, give the best approximation to ground truth under the minimum LP norm

rationale.

2.2.4 Bayesian and Parametric Methods

The Bayesian approach relies on a data-observation mechasm model, as well as a prior
knowledge of the phase to be modelled. This is a probabilistiapproach to phase unwrap-
ping, where data-observation mechanism is modelled by a calitional probability density

function P( j ), and the a priori knowledge by the so-called prior probability density
function P( ). Here is the unwrapped image and the wrapped image. Using the

Bayes' theorem
P(CJIP().
POy (2.17)

we can get the a posteriori probability density function and, from there, to infer the

P( )=

unwrapped image

For instance in [70], a non-linear optimal Itering is appli ed, while in [37] an INSAR
observation model is considered, taking into account not oty the image phase, but also
the backscattering coe cient and correlation factor images, which are jointly recovered
from INSAR image pairs. Work [32] proposes a fractal based por.

Finally, parametric algorithms constrain the unwrapped phase to a parametric surface.
Low order polynomial surfaces are used in [43]. Very often irreal applications just one
polynomial is not enough to describe accurately the complet surface. In such cases the

image is partitioned and di erent parametric models are appied to each partition [43].



Chapter 3

Phase Unwrapping: Convex

Scenario

3.1 Bayesian Model

The observation model relating the noisy wrapped phase withthe true phase depends
on the system under consideration (seeg.g. [49, 36, 64] for an account of observation
models in di erent coherent imaging systems). The essentiaof most of these observation

mechanisms is, however, captured by the relation

z = Add +n. A> O (3.1)
jzjei( + n);

where is the true phase value (the so-called absolute phase valueh = n; + jng is
a complex-valued zero-mean circular white additive noise wh variance 2 (i.e., n; and
ng are zero-mean independent Gaussian random variables withaviance 2=2), , is the
phase of noisen, A is an amplitude, and z is a random variable from which, by using
the wrapper operator, we get the observed wrapped (and noigyphase. The wrapper
operator was de ned through expressions (2.1) and (2.2). A rore compact and possibly

more familiar de nition is given by
=angle(z) = W( + ,); 21 5 ) (3.2)

We recall that the operator W maps the phase + | into the principal phase interval

[ ; ): our goal is to infer the absolute phase from the wrapped and noisy observed

phase .

29
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Let G = (V;E) be a directed graph associated to a rst order Markov random eld
(MRF), where the set of nodesV represents the set of image pixels and the set of directed
edgesE represents the set of links between pairs of neighboring pels. In this work, we
consider only rst-order MRFs and, therefore, the edges inE link horizontal and vertical
immediate neighbors. Nevertheless, all the concepts and salts next presented are valid
for any set of pairwise interactions. We will make inferencein these random elds.

We follow the Bayesian framework, accordingly, we need to bild the posterior density
function p( jZ) of the phase image 2 RIVi, given the observed complex imag& 2 CVi
(C denotes the complex eld). Invoking the Bayes' law we havep( jZ) / p(Zj )p( ),
where p(Zj ) is the likelihood function measuring the data t, and p( ) is the prior
density encodinga priori knowledge about the absolute phase image.

Let us assume conditional independence in the observation echanism,i.e., p(Zj )=

iov P(zij i). This is a standard assumption that is true as long as the reslution volumes
that contribute to distinct pixels are disjoint, which is a v alid approximation for most
imaging systems [23]. Furthermore, let us explicit the knovedge that the prior of an
MRF is Gibbsian, i.e., p( ) / expf V ( )g [45, 5], whereV( ) = P Fij gVi;j( i i)

is often termed the regularization parameter, Vij () (a real valued function) is the
so-calledclique potential associated with edgefi;j g, and where we consideV;; ( i; j)
Vij (i j)- The usual assumption that, in an MRF, the random variables at neighboring
sites have similar realizations,i.e., that neighboring pixels have similar values, is modeled
by such set of potentials, which penalize the di erence betwen those values. It is in
view of this penalization that we dene Vij ( i; j)  Vij (i ij). Generally, greater
di erences between phase values get more penalized, nevildless, the speci ¢ dependence
is, obviously, determined by the particular chosenV;; .

Under the Bayesian framework and an MRF prior it is usual to adopt the maximum
a posteriori (MAP) criterion to estimate the unknown, which in our case is . The MAP
estimate seeks the mode of the posterior distribution: * = argmax p( jZ). Although
MAP is not the only criterion available, it has been widely used in reconstruction problems

(such as ours) for which it very often seems well suited [45,2].

MAP estimation

In these circumstances, computing the MAP estimate is equiglent to minimize the neg-

ative logarithm of the posterior density, i.e., the energy, E : RVi I R[f +1g given
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by
X X
E() Di( i) + Vi Ci ) (3.3)
Al P (09 o )
Data delity term Prior term

where D ( ;) logp(zij i)
Given the observation mechanism introduced in (3.2), we hae (see,e.g., [36])
) 1 iz aelij?
p(zij )= —& 7
and, thus, by dropping some irrelevant constants we get

Di( i)= jcos(i ), fori2V;

with |  2Ajzj=( ?» and ; angle(z); i.e., the loglikelihood function is proportional to
a shifted cosine of . The MAP absolute phase estimate is then obtained by minimiing

the negative of the logposterior function given by

X X
E() icos(i i)+ Vig (i ) (3.4)
|2V {Z } ]i;j g2E {Z }
Data delity term Prior term

Notice that , the regularization parameter, sets the relative weight béween the data
delity term and the prior term.

We emphasize that the MAP estimation gives place to minimizing the logposterior
(3.4). For a given image phase candidate to a MAP solution, this function comprises
a data delity term, which measures the mis t between the observed data and , and a
prior term, which measures the lack of plausibility of , induced by the potentials V;; ();
roughly, enforcing smooth surfaces implies convex poterdis, whereas enforcing piecewise-
smoothness, and thus preserving surface's discontinuitie implies non-convex potentials.

Assume that the noise approaches zero. Then,; 2Ajzj=( ?)! +1 and any MAP

solution satis es cos( i) = 1 implying the constraints
i= i+2Kk;i, fori2V and k2 Z: (3.5)

Therefore, computing the MAP solution reduces to minimizing the prior term in (3.4)
under the constraints (3.5). This is the strict phase unwraping problem, which is an
integer optimization problem well known to be a di cult task to perform [20]. The phase
unwrapping is even more tricky because, usually, the phasariages have a larggVj (e.g.,

10° variables for a 1000 by 1000 image) and are noisy.
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3.2 Problem Formulation

As we have seen in the previous section, the MAP estimation ofhe absolute phase in

a noiseless scenario reduces to minimize (3.4) under conaints (3.5), i.e., to minimize

X
E(kj ) Vi (i) (3.6)
fi;j g2E
wherek f kj:i 2 Vg is an image with integer values which count 2 multiples, the so-
called wrap-count image f i:12Vgis the observed wrapped phase imageyj ()

is the cliqgue potential, a real valued function, and j denotes the dierence between

neighboring pixels phase given by

i [2 (ki k) il k22 (3.7)
i (3.8)

We can encode thea priori availability of knowledge about the location of phase disco-
tinuities, by introducing variables d; that signal their existence. So,d; 2 f0;1g, with
dj =0 meaning that we know that there is a discontinuity between neighboring pixelsi
and j, and dj =1 meaning that we do not have such information. The MAP estimation

consists then of minimizing (3.9)

E(kj ) . Vi (i) di; (3.9
fijj g2E
which is identical to (3.6) except for the terms dj which we have just introduced, and for
which, by default, we haved; = 1.
Our goal is to nd the integer image k that minimizes energy (3.9), k being such that
=2 k+ ,where is the estimated unwrapped phase image, and is the observed
wrapped image.

As will be seen in the next section, this energy minimization approach yields the
classical minimum LP norm formulation, or a more general one, depending on the claen
potential V. We should stress that the variables d;; , conveying discontinuity information,
are introduced when available. In the jargon of PU these imags are the quality maps.
These, can also be used as continuous variables in;[[], expressing prior knowledge on
phase variability. Quality maps can be derived, for example from correlation maps in

INSAR, or from phase derivative variance in a more general d8ng [49, Chap. 3].
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In the next sections, we present in detail the proposed apprach. We show that for
convex potentials V, the minimization of E(kj ) can be achieved through a sequence of
binary optimizations; each binary problem is mapped onto a ertain graph and a binary
minimization obtained by computing a max- ow/min-cut on it . Finally, we address a set

of potentials tailored to phase unwrapping.

3.3 Equivalence Between Local and Global Minimization

Assuming a convex potential V, the following theorem assures that if the minimum of
E(kj ) is not yet reached, then, there exists a binary image 2 f0;1g¥/ B (i.e., the
elements of are 0 or 1) such thatE(k + | ) < E (kj ). Therefore, if a given image
k is locally optimal with respect to the neighborhood N.(k) f k+ : 2 Bg, ie.,if
E(kY ) E(kj )forall k92N 1(k), then k it is also globally optimal.

Theorem 1 Let k1 and k, be two wrap-count images such that
E(kzj ) <E(kij ): (3.10)

Then, if V is convex, there exists a binary image 2 B such that
E(ki+ J )<E(kq ): (3.11)

Proof: See the Appendix.

3.4 Convergence Analysis

In accordance with Theorem 1, we can iteratively computek!*! = k' + | where 2B
is such that it minimizes E (k' + j ), until the minimum energy is reached. There is of
course the pertinent question of whether the algorithm stogs! and, if it does, in how many
iterations. Regarding the second issue, assuming thak® = 0, the next lemma, which is
inspired in the Proposition 3.7 of [27], leads to the conclu®n that after t iterations the

algorithm minimizes E(j )in Dy f k°: 0 k° tg.

1To stop is a necessary condition for a set of instructions to be considered an algorithm, in many of the

de nitions of the concept.
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Lemma 1 Let k! and k'** be globally optimal minimizers ofE(j ) on D; and D1,
respectively. Then

kKl kt2B:

Therefore, k'*1 can be found by minimizingE (k' + j ) with respect to 2 B.

Proof: See the Appendix.
Assume that the range ofE spans overK wrap-counts. Then its global minimizer is

in the set Dk , and therefore Lemma 1 assures that the iterative scheme

do

k"' = k'+ argmin E(k' + | )
2B

while E(k™*!j )<E (kj );
starting with k® = 0, nds this minimizer in at most K iterations. Its complexity is
therefore KT , where T is the complexity of a binary optimization. Regarding the r st
issue, of whether the algorithm stops, we note that if the enegy minimum exists, then it
is evident that between k® = 0 (or any other starting k°) and a minimizer, the number
of con gurations is nite; by con guration we mean the set of images having the same
di erence image (a di erence image is one whose entries areigen by k = ki kj; we
stress that the considered energy depends only on con gur&ins). This implies that the
algorithm stops. We note that for the minimum to exist it is en ough to consider that the

cligue potential is coercive, which we consider hereinafte

3.5 Mapping Binary Optimizations onto Graph Cuts

Let k!*1 = ki + | be the wrap-count at time t + 1 and pixel i. Introducing k!** into (3.7)

we obtain N _
|
i= 2 K™ KT i (3.12)

After some simple manipulation, we get
i =2 (i D+ al; (3.13)

where

ajj 2 (klt kjt) ij - (3.14)
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Now, introducing (3.13) into (3.9), we can rewrite energyE (k' + j ) as a function of the

binary variables ; 2 f 0; 1g, i.e.,

X
E(k'+ j )= |V[2 (i {i)+ aij]di}}i (3.15)

fi;j g2E EV (s )

We now map the minimization of (3.15) with respectto onto a graph mincut problem.
In the last decade a considerable amount of research e ort ha been devoted to energy
minimization by graph cuts methods (among the main contributions we highlight [67],
[99], [20], [38], [103], [60]). Namely, the mapping of a paivise-interaction rst order MRF
minimization problem into a sequence of binary minimizations, computed by graph cuts
techniques, has been addressed in [99] and [20]. Neverthete those two works provide
approximate solutions only.

Work in [67] gives necessary and su cient conditions for a bhary function with pairwise
interactions to be representable on a graph; furthermore, he graph structures therein
proposed are simpler and, accordingly, we adopt the method posed therein. A special
reference to [60] should be made: it introduces an exact engy minimization for convex
potentials also by using graph cuts. However, in practice, dr most problems involving
many variables, as is the case with images, the graph there guioyed can be huge, which
imposes heavy computational and storage demands.

Following then [67], we exploit a one-to-one map existing beveen energy (3.15), as a
function of , and cuts on G. We further detail that the graph has non negative weights
and has two special vertices besides the vertices containéd V, namely the sources and
the sinkt. An' s tcut C = fS;Tgis a partition of vertices V into two disjoint sets S
and T, such that s2 S andt 2 T. The number of vertices is 2 +}Vj (two terminals, the
source and the sink, plus the number of pixels). The cost of tbs t cut is the sum of

costs of all edges that linkS to T. Using the notation above introduced, we have

EV(0;0) = V(a)dy;

EV(L;1) = V(ay)dy; (3.16)
E1(0:1) = V( 2 + ajj ) dj ;

= ;00 = V(2 + ajj ) dij :

According to [67] we de ne the classF 2 to be the family of functions that can be written

as a sum of functions of up to two binary variables at a time. Ckarly energyE (k! + j )
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belongs toF 2. Roughly speaking, a function of F 2 is graph representablei.e., there exists
a one-to-one relation between 2 f 0; 1ngj [i.e., points in the domain of E(k'+ j )] and

s t cuts on that graph, if and only if holds
EV(©;0)+ E'"(1;1) E'(0;1)+ EY (1;0): (3.17)

For a proof see [67]. In terms ofE! [see expression (3.16)] equation (3.17) can be stated
asM( 2 +a+ V(2 +a)]d; 2V(a)dj, which is veried due to convexity of V. So,
our binary function is graph-representable.

The structure of the graph is as follows: rst build vertices and edges corresponding
to each pair of neighbouring pixels, and then join these graps together based on the
additivity theorem also given in [67].

So, for each energy termE! [see expression (3.15)], we construct an \elementary"
graph with four vertices s, t, v, and v@ where s and t represent the source and the sink,
respectively, common to all terms, andv, v® represent the two pixels involved | being
the left (up) pixel and Vv the right (down) pixel]. Following very closely [67], we de ne
a directed edgefv;v% with the weight E(0;1) + E(1;0) E(0;0) E(1;1). Moreover,
if E(1;0) E(0;0) > 0, we de ne an edgefs;vg with the weight E(1;0) E(0;0) or,
otherwise, we de ne an edgd v; tg with the weight E(0;0) E(1;0). In a similar way for
vertex VO if E(1;1) E(1;0) > 0, we de ne an edge s; v with weight E(1;1) E(1;0)> 0
or, otherwise, we de ne an edgef v® tg with the weight E(1;0) E(1;1). Figure 3.1 (a)
shows an example wheré&e(1;0) E(0;0) > 0 and E(1;0) E(1;1) > 0. Figure 3.1 (b)
illustrates the complete graph obtained at the end.

We may rewrite each term of energy (3.15) to clarify the mapphg between its (binary)
minimization and a graph cut. By recalling that E = i fij g2E E (xi;x;), where x;; xj 2
f0;1g, and by de ning x; =1 X, it is straightforward to verify that the following identit y
(3.18) holds:

EV (xi;x;) = EV(0;0)xx; + EV (1;0)xix; + EV (0; 1)xix; + EV (1; 1)xixj; (3.18)
which in turn we can rearrange into

EV(xirx)=c+ "x+ Ixg+ V(o xp)xi; (3.19)

2As de ned in [67], a function E of n binary variables is called graph-representableif there exists a graph
G = (V;E) with terminals s and t and a subset of vertices Vo = fvi;:::;vag V f s;tg such that, for
any f 1;:::; ng, the value of the energy E( 1;:::; n) is equal to a constant plus the cost of the minimum

s-t-cut among all cuts C = fS;Tgin which v; 2 S,if ;=0,and v 2 T,if i =121 i n).
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Source Source

E(1,0)-E(0,0

E(0,1)+E(1,0)-E(0,0)-E(1,1)

E(1,0)-E(1,1)

@) Sink (b) Sink

Figure 3.1: (a) Elementary graph for a single energy term, wleres and t represent source
and sink, respectively, andv and v° represent the two pixels involved in the energy term.
In this case E(1;0) E(0;0)> 0 and E(1;0) E(1;1) > 0. (b) The graph obtained at

the end results from adding elementary graphs.

by noting that x;2 = x;, and where | = E (1;0)+ EU (0;1) EU (0;0) E (1;1), and
c, ',and ! are appropriate coe cients. As already mentioned, this (any) binary energy
is graph representable,.e., can be minimized by computing the mins t cut of a certain
graph, ifandonly if " 0[67]. Figure 3.2 clari es now the aforementioned map betwen
an energy term and an elementary grapts t cut. One can easily verify that, indeed, the
energy values are given by appropriates t cuts. We should make two remarks: at the
top right quarter of the gure (' < 0) the value of the cut is equal to the unary term plus
a constant. This constant allows us to consider positive wajhts for the edges of the graph
and, obviously, does not change the optimization problem. Asecond remark concerns the
two bottom schemes [con gurations (x; = 0;%; = 1) and (x; = 1;x; = 0), respectively].
In the left scheme the link goes fromT to S and, accordingly, it represents a cut whose
value is zero (there is no ow fromT to S). In the right scheme the link goes fromSto T
and, accordingly, it represents a cut whose value is /. We nally note that the already
referred additivity theorem [67] allows to merge all the elenentary graphs, corresponding
to the E' terms, and to obtain the energy minimum by computing the min s t cut of

the obtained graph.
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Unary terms: o'x;

a® >0 al <0

cut (z; =1)

@

N s ocut (z; =1,2;, =0)
N ij ij /
g A
O—=<-0 O——0
N %
N ocut (2; =0,2; =1) %

cut(x;, x;) = B9 (z; — zj)x;

(b)

Figure 3.2: Map between energy (3.19) and a graph cut. (a) Engy's unary terms. (b)

Energy's pairwise terms.
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3.6 Energy Minimization Algorithm

Algorithm 1 PUMA: Graph cuts based phase unwrapping algorithm.
Initialization: k k® 0, possibleimprovement 1

1. while possible-improvementdo

2:  Compute E(0;0); E(1;1); E(0;1); and E(1;0) ffor every horizontal and vertical pixel
pairg.

3.  Construct elementary graphs and merge them to obtain the man graph.

4:  Compute the max- ow/min-cut ( S;T) fS- source set;T-sink set.

5. for all pixel i do

6: if pixeli 2 S then

7: kG = k; +1

8: else

9: k® = k; fremains unchanged
10: end if

11:  end for

12:  if E(kY ) <E (kj ) then
13: k = kO

14: else

15: possible-improvement = 0
16:  end if

17: end while

Algorithm 1 shows the pseudo-code for the Phase Unwrapping Mx- ow (PUMA)
algorithm. It solves a sequence of binary optimizations unii no energy decreasing is
possible.

Concerning computational complexity, PUMA takes Npopt Nm¢ 0ps (measured in
number of oating point operations), where Npgo: and Ny stand for number of binary
optimizations and number of ops per max- ow computation, r espectively. In Section 3.4
we have proved that the algorithm stops inK iterations, whereK is the range ofE in wrap-
counts. Therefore,Npop = K. Concerning N , in the experimental results presented in
this work we have used the augmenting path type max- ow/min-cut algorithm proposed
in [18]. The worst case complexity for augmenting path algoithms is O(n?m) [4], where

n and m are the number of vertices and edges, respectively. Howevem a huge array
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of experiments conducted in [18], authors systematically dund out a complexity that is
inferior to that of the push-relabel algorithm [52], with th e queue based selection rule,
which is O(n2p m). Thus, we herein take this bound.

Given that in our graphs m ' 3n and Npopt does not depend onn, the worst case
complexity of the PUMA algorithm is bounded above by O(n%%). In section 3.8, we run
a set of experiments where the worst case complexity is rougy O(n). This scenario has

systematically been observed [11].

3.7 Potentials

So far, we have assumed the cligue potentials to be convex. This central in the two
main results of the chapter: the Theorem 1 and the regularity of energy (3.4). Both are

implied by the inequality (3.20)
V@+ V() V(b V(a+c b; (3.20)

shown in Appendix (expression (A.10)), where ming;c) b  max(a;c). What if we
apply a function to the arguments of V? Using the notation (x) = x% we get the

hypothetical inequality (3.21):
v@y+ ved v V[a+c bI: (3.21)

Now, noting that, by construction 3, a;band c di er from each other by multiples of 2 , if
we choose (x) = P(x)+ x , whereP is any 2 -periodic real valued function and 2 R,

(3.21) becomes,

v@)+ ved v V[P(a+c b+ (a+c b)]
= VI[P(a)+ (a+c b) (3.22)
= VI[P(@+ a)+(P(@+ c)
(P(a)+ b)] (3.23)
= v(@+ < B: (3.24)
Since any 2 -sampling of is a monotone sequence, it is guaranteed that mira® c9

B’ max(a®c®; so, inequality (3.24) follows from (3.20). Therefore we lave the following

result:

SStated in the proof of Theorem 1.
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Proposition 1 The set of clique potentials considered in Theorem 1 can be kmged by
admitting functions of the form V.~ C (P + L), where C is a convex function, P is a

2 -periodic function, and L is a linear function.

It should be stressed that for such a potential, the regularty condition (3.17) is also
satis ed; it follows directly from (3.24). We can thus conclude that the PUMA algorithm
is valid for this broader class of clique potential functiors. We next give some examples

of possible clique potentials.

3.7.1 The classical LP norm

As referred back in Chapter 2, the minimum LP norm methods form one of the main
approaches to phase unwrapping. In this context, and refeing to [49, p. 181], theLP
norm is given by

J= [ L (3.25)

fijj g2E

where j = W( i) [W de ned in (2.2)]. These methods nd a phase solution for
which the LP norm of the di erence between absolute phase di erences anavrapped value
of wrapped phase di erences (so a second order di erence) iminimized. We note that
this is the LP norm of the 2 guantized di erences. We clarify this 2 guantization
operation with an example below.

In our formulation the LP norm is given by the potential V( )= j W ().
Since and di er by a multiple of 2 , then | W ( )P = w ( )jP.
Therefore, in our setting, we identify immediately C(x) = jxj°, P(x) = W (x), and
L(x) = x.

We note that the identity V( )= j W (  )jP, above emphasized, may suggest
that PUMA does not take data, which is given by , into account. We stress that this is
not the case as, in fact, PUMA (in this chapter) considers to be given, iteratively, by

=2k + ;k 2 Z. In particular, this means that is 2 congruent with  and, thus,
that data is really accounted for by noting that W( )= W( ).

From above, we see thatC is convex given thatp 1. Therefore, we conclude that,
for this range of p values, PUMA exactly solves the classical minimumLP norm phase
unwrapping problem.

We refertoQ, (x) W (x)+ x as the 2 -quantization function and denoteV, (x)

V [Q2 (x)]. Figure 3.3 plots the potential C(x) = jxj4, the quantization function Q, (x),
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Figure 3.3: (a) The convex function C(x) = jxj** (b) Q2 (x) = x W (x); (c) The

classicalL 4 norm potential given by V, (x) = C[Q» (X)].

and the classicalL'* norm given by Vo (x) = jQ» (x)j¥4.

3.7.2 Convex potential

Choosing any convexC(x), P(x) =0 and L(x) = x, we obviously get back to the convex
potential case. For example, the quadratic clique potentia V (x) = x? was used in work
[36], under a Bayesian approach and a Markovian prior for theabsolute phase. As already

stated, this potential tends to smooth phase discontinuities.

3.8 Experimental Results

We remark that, for each of the following presented experimats, the Matlab (mixed with
C++) code has been run in a 2.2 GHz Intel dual core processor,n a maximum of few
dozens of seconds.

Figure 3.4 (a) displays the phase data for an MRI image (256 256 pixels) of the knee
(data distributed with [49]); as we can see this is a wrapped pase image, and a phase

unwrapping procedure is needed in order to obtain the desim physical information (in
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N

(b)

Figure 3.4: (a) MRI image of the knee (water/fat separation problem [49, 51]). (b) Image
in (a) visualized with a mask (dark blue) to omit main noisy areas. (c) Unwrapped image

visualized with the mask used in (b).

this example it is water/fat separation [49, 51]). The backgound is noisy, which poses one
of the main challenges for the phase unwrapping: obtain the owrapped solution in spite of
the great amount of noisy area which might destroy it. Figure 3.4 (b) shows the same data
as in (a) but now we have applied a mask only to see the phase inge in areas where noise
is low (dark blue means masked out area). Figure 3.4 (c) showthe unwrapped solution;
for better visualization we also apply the mask used in (b). We can see that PUMA is
successful at unwrapping this phase image, despite the oiigal wide noisy area (includes
mainly the background but also some regions in the interior) For this unwrapping we
have chosen a quantized_-? norm potential, which proofed to be successful.

Figure 3.5 is similar to Figure 3.4, but now it deals with an MRI image of the head

(data distributed with [49]). Besides the noise, this head mage, Figure 3.5 (a), has several
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Figure 3.5: (a) MRI image of the head (water/fat separation problem [49, 51]). (b) Image
in (a) visualized with a mask (dark blue) to omit main noisy areas. (c) Unwrapped image

visualized with the mask used in (b).

phase regions which are almost isolated (also because of se) from the remaining part
of the image and, accordingly, pose a di cult problem. Figure 3.5 (b) shows the same
data as in (a) but now we have applied a mask only to see the phasimage in areas where
noise is low (dark blue means masked out area). Figure 3.5 (c3hows the unwrapped
solution; for better visualization we also apply the mask ugd in (b). PUMA is successful
at unwrapping this phase image in de ance of the almost isoléion of several areas inside
the head. For this unwrapping we have chosen a quantized.? norm potential, which
proofed to be successful.

Figures 3.6 (a) and 3.7 (a) display two phase images (256256 pixels) to be unwrapped,;
they are synthesized from original absolute phase surfacdsrmed by Gaussian elevations

with heights of 25 and 50 radians, respectively, and common standard deviations , =
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25 pixels and = 40 pixels, in the vertical and horizontal dimensions, resgectively. They

are represented in a linear gray scale.

The rst image [Figure 3.6 (a)] has a noise whose standard deation is 1:07 rad,
thus inducing a large number of phase jumps iesidues), making the unwrapping a hard
task. Figure 3.6 (b) shows the corresponding unwrapped suace by PUMA using a non-
quantized L? norm potential. Even with the noise induced discontinuities, PUMA success-
fully accomplishes a correct unwrapping (error free). We emhasize that our algorithm
seeks the correct wrap-count image, so it does not intend toef rid of the possible existing
noise, whatsoever. Regarding the image in Figure 3.7 (a), #lough there is no noise,
it presents phase rates large enough to produce aliasing, sl that the unwrapping be-
comes a hard task. Figure 3.7 (b) shows the corresponding umapped surface by PUMA
using again a non quantizedL? norm potential. Even with aliasing induced discontinu-
ities, PUMA successfully accomplishes a correct unwrappig (error free). For both the
unwrappings we have chosen the non quantized.? norm potential, as it shows a good
performance regarding the unwrapping of this kind of noisy/aliased wrapped surfaces [36].
Figure 3.6 (c) shows the residues existing in the image showim Figure 3.6 (a); white
pixels are positive residues and black pixels are negativeesidues. We point out that it
was not supplied any discontinuity information to the algorithm. Figure 3.7 (c) shows
the regions of the original image, from which the image in Figire 3.7 (a) is the wrapped
version, having aliasing (white pixels region). Figures 36 (d) and 3.7 (d) show the energy
evolution along the fteen and twenty-six iterations taken by the algorithm to perform
the unwrapping of the images in Figures 3.6 (a) and 3.7 (a), repectively. It is noticeable

a major energy decreasing in the rst few iterations.

The last illustrating experiment for phase unwrapping with PUMA (in the convex
regime) aims to characterize its performance amidst di erent levels of noise, dierent
amounts of phase discontinuities, as well as benchmarking iagainst noteworthy phase
unwrapping algorithms. Figure 3.8 (a) displays a phase imag (512 512 pixels) which
corresponds to \Peaks", the Matlab's example function of two variables, which is obtained
by translating and scaling Gaussian elevations. In this exgriment we scale the default
elevations by a factor of 4. While the range of phase values fosuch an image is ap-
proximately 18 rad only, and it does not present any phase discontinuitieswe add to it
di erent levels of (Gaussian) noise which indeed produce phse discontinuities. Figure 3.8

(b) shows the wrapped version of the image in (a), while Fig. 38 (c) displays a wrapped
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Figure 3.6: (a) Wrapped Gaussian elevation with 25 height. The associated noise stan-
dard deviation is 1:07 rad. (b) Image in (a) unwrapped by PUMA. (c) Residues in the
image presented in (a): white and black pixels means positi¥ and negative residues,

respectively. (d) Energy decreasing for the unwrapping ofmage in (a).
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Figure 3.7: (a) Wrapped Gaussian elevation with 50 height. The associated noise stan-
dard deviation is O rad. (b) Image in (a) unwrapped by PUMA. (c) Aliased regions
signalled by white pixels) of the original image corresponing to the image in (a).
(signalled by white pixels) of th iginal i ali he i in (a). (d)

Energy decreasing for the unwrapping of image in (a).
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Figure 3.8: (a) The scaled Matlab's \Peaks" image. (b) Wrapped version of the previous
image. (c) Noisy version of the image in (b). The standard deiation of the error is 2:14

rad (d) Unwrapped solution by PUMA: RMSE =1 :89 rad.

and highly noisy (RMSE = 2:14 rad, where RMSE stands for root mean square error,
which corresponds to the standard deviation of the error im@e where, in this case, the
error image is the di erence image between noisy and noisets wrapped images) version of
that image. For such a high level of noise PUMA is still able toyield a correct unwrapping,
which we show in Fig. 3.8 (d). The error, with relation to the noiseless original image, of
the obtained image solution is RMSE = 1:89 rad, which is similar (lower) to the original
noise.

With the aim of benchmarking we compare PUMA with noteworthy phase unwrapping

algorithms, namely:

Path following type: Goldstein's branch cut (GBC) [53]; quality guided (QG)
[74]; and mask cut (MC) [40].
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Figure 3.9: List of the phase unwrapping solutions obtainedwith comparing algorithms
working on the scaled and wrapped \Peaks" image in a high noie scenario (std = 214
rad): (a) QG. (b) GBC. (c) MC. (d) FMD. (e) WLS. (f) LON (g) PUMA . Only PUMA is

able to yield a correct unwrapping.

Minimum norm type: Flynn's minimum discontinuity (FMD) [41]; weighted least-

squares (WLS) [50]; andL® norm (LON) (see [49, Chap. 5.5]).

For such a high level of noise as the one illustrated in Fig. &, std = 2:14 rad, and
amongst the comparing algorithms, PUMA was the only one ableto achieve a correct
phase unwrapping. This is summarized in Figure 3.9, which Bts the solutions yield
by each algorithm. We note that, in the experiments that we have performed, all the
algorithms fail for a noise higher than std = 2:14 rad. On the other hand, as we lower the
noise all the comparing algorithms are progressively ablead yield correct unwrappings,

LON being consistently the closest to PUMA in performance.
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Figure 3.10: Error of the PUMA solutions for various amounts of noise in the initial

wrapped images.

Figure 3.10 shows a plot of the error of the PUMA solutions forseveral levels of noise.
The yellow shaded area corresponds to successful unwrapgje. We can notice that for
a noise level higher than 214 rad the error of the solutions grows steeply. On the other
hand, in the shaded region the error of the PUMA solutions is &wvays smaller than the

noise of the correspondent wrapped images.

Finally, we observe the performance of PUMA for di erent amounts of aliased areas
in the \Peaks" image. Figure 3.11 (a) displays the aliasing pesent in scaled versions of
the \Peaks" image having di erent scale factors (from 4 to 13). White pixels correspond
to the presence of aliasing. Figure 3.11 (b) shows the corrpsnding unwrapping PUMA
solutions, which are correct for the images in the rst row and wrong for the images in

the second row. The error of these ten solutions is plotted irFig. 3.12. Again the shaded
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@)

(b)

Figure 3.11: PUMA performance in the presence of aliasing. &) Aliasing (white pixels),
in ten di erent scaled versions of the \Peaks" image. (b) PUMA solutions for the wrapped

versions of the images in (a).

area corresponds to correct unwrapping. As we can see PUMA aiits some robustness to
aliasing, however, from a certain point the unwrapping getscompromised in the aliasing
areas.

As referred in Section 3.6, we have observed approximatelyraO(n) complexity (where
n is the size of the input image) in the experiences we have run ith PUMA. Figure 3.13
illustrates this for the unwrapping of the Gaussian surfacewith and without noise, and

employing two kinds of clique potentials.
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Figure 3.12: Error of the PUMA solutions listed in Fig. 3.11 (b).
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Figure 3.13: Unwrapping times of a 14 height Gaussian surface with PUMA, using a
PC workstation equipped with a 2.2 GHz Intel dual core procesor: time (s) vs image
size (). Time grows roughly as O(n) in all the four shown experiments. An O(n?%%)
line is shown for reference. (A) Gaussian surface with :07 rad interferometric noise
unwrapped with a non-quantized L2 norm. (B) Gaussian surface without interferometric
noise unwrapped with a non-quantizedL? norm. (C) Gaussian surface with 107 rad
interferometric noise unwrapped with a classical (quantizd) L2 norm. (D) Gaussian

surface without interferometric noise unwrapped with a classical (quantized) L? norm.






Chapter 4

Phase Unwrapping: Nonconvex

Scenario

4.1 Why to Use Nonconvex Potentials

In image reconstruction, and in phase unwrapping in particdar, images usually show a
piecewise smooth spatial arrangement; this is a consequemof the smoothness of the im-
aged objects themselves, and of the discontinuities introdced by their borders. These
discontinuities encode, then, relevant information that should be preserved in the recon-
structed image.

It is well known that, in an energy minimization framework for image reconstruction,
nonconvex potentials are desirable to allow discontinuitypreservation (seee.g. [71, Chap.
3] for discussion about discontinuity adaptive potentialg. Figure 4.1 illustrates some
examples of such edge preserving potentials, namely, a Hubgotential (Figure 4.1 (a))
which is quadratic around the origin and linear elsewhere; a L* potential (b); a quadratic
truncated potential (c); and an LP;(0 <= p < 1) potential (d). The idea of employing
such potentials consists of incurring approximately in the same cost, whether the phase
di erences between neighboring pixels are big or small, gien that they are above a certain
threshold. In fact, the rst two depicted potentials (Figur es 4.1 (a) and (b)) are convex,
yet they possess some edge preserving capabilities as, ims® sense, they are almost non
convex.

We should note here that, as we have shown in Section 3.7, foratly, a nonconvex

potential is allowed in the proposed algorithm, as long as esry 2 -periodic sampling is

55
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Figure 4.1: Edge preserving potentials: (a) Huber potentia (b) L* potential. (c) Trun-
cated quadratic potential. (d) LP; 0 p < 1, potential.

convex (about the issue of convex functions on discrete donias see,e.g., [76]). It is,
however, a trivial reasoning to conclude that this kind of nonconvex potentials are not
discontinuity preserving, in our case. The alternative to nonconvex potentials, in order to
preserve discontinuities, is to explicitly supply their location, which is allowed as we have
already mentioned regarding expression (3.9). That is whytiis said that (some) nonconvex
potentials allow blind discontinuity preservation, i.e., they preserve them without knowing

where they are.

4.2 An Approximate Solution

A general nonconvex potential, nevertheless, makes the ale introduced algorithm not
valid and the reason is twofold. First, Theorem 1 demands a 2-periodically convex V,
i.e., a potential V such that every 2 -periodic sampling of it is convex. Let us use the
terminology of [99] and call a 1 jump move the operation of adding a binary image ;
so, if V is nonconvex it is not possible, in general, to reach the mimhum through 1-jump
moves only. Second, as we emphasize in the sequence, it isvial to show that, with a

general nonconvexV, condition (3.17) does not hold with generality for every haizontal
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and vertical pairwise interaction. This means that we cannot apply the energy graph-
representation used in the binary optimization employed onAlgorithm 3.6.

We now devise an approximate algorithm as a minor modi cation of PUMA to handle
those two issues.

Regarding the latter, as the problem relies on the non-regudrity of some energy terms
EV (i i), i.e., they do not verify (3.17), our procedure consists in approxmating them
by regular ones. We do that by leaning on majorize minimize MM[69] concepts. Assume
that we still want to minimize E(k'+ | ) given by (3.15). E(k!j ) correspondsto =0

and, therefore, to | = 0. Consider the regular energyE ( ;; i) such that

8
SET(Ci) EN(ag) it (i51)8(050)

N ) 4.1)
EV(isj) = EY(i ) if (i 3)=(0:0);

i.e., EY majorizesEV . Dene Q( )= P ii12e EV (i j)and  =min Q( ). Then,
Ek'+ jJ) QC ) QUO)=EK] ):

Therefore, the sequence E(k'j );t=0;1; is decreasing.

A possible solution to obtain the replacement terms is, for hstance, to increase term
EY (0:1) until E'(0;1)+ E'(1;0) E'(0;0) E'(1;1) equals zero; the corresponding
graph of the Figure 3.1 has no more negative edge weights. Tisolution, while may not
be the best (concerning energy decreasing), is the simple$d implement: by observing
that E'l (0;1) does not enter into any of the source/sink edges in the gralp, it su ces to
set the (v; V9 inter-pixel edge (see Section 3.5) weight to zero (thus assing regularity).

In Figure 4.2 we illustrate this energy approximation. We recall that, using a notation
abuse,EV (i; ;)= EV(; ) [see (3.4) and (3.15)]. The regularity condition (3.17),

thus, can be written as

EV( D+EV(Q),
5 ,

E' (0) (4.2)

which, being a convexity expression, means that regularityand convexity are equivalent for
the energy that we are considering. Continuous convex and cwave functions are shown
to emphasize the regular/convex and nonregular/nonconvexparallel*. We note again that

other energy approximations are possible and eventually ean better; for instance, equally

1t should be noted that discrete functions f : Z ! R are convexi there exists an extension of f ,

f:R! R, that is also convex.
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Figure 4.2: Replacing nonregular energy terms by regular oes; we end-up with an ap-

proximate energy. One of the possible approximations is toricreaseE! (0; 1).

increasing EY (0; 1) and EY (1;0) until condition (4.2) is satis ed. This issue is however
out of the scope of this work.

With respect to the rst referred reason for non validity of P UMA, our strategy is
to extend the range of allowed moves. Instead of only 1-jumpsve now use sequences of

s-jumps, which correspond to add ans image (increments can have 0 os values).

4.3 An approximate algorithm

The above presented approximate algorithm has proved outpdorming results in all the
experiments we have put it through; in the next section we illustrate some of that experi-
ments. Algorithm 2 shows its pseudo-cod&

It should be noted that the question of what particular nonconvex potential to choose
is a relevant one. The main problems, in phase unwrapping, ase both from noise and
from discontinuities presence. The small amplitude noise\ariance smaller than ) is well

described by a Gaussian density, meaning that the potentiad near the origin should be

2We note that, preferably, the maximum jump size should be cho sen to be equal to the range of values

of the unwrapped surface divided by 2 . Most of the times a smaller maximum jump size is enough.
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Algorithm 2 PUMA (nonconvex potentials to preserve discontinuities).
Initialization: k kO 0

1: for s:=[1;2::;m;1;2;:::;m] (m is the maximum jump size) do

2:  possible-improvement 1

3:  while possible-improvementdo

4 Compute E(0;0); E(1;1); E(0;1); and E(1;0) ffor every horizontal and vertical
pixel pairg.

5: Find non-regular pixel pairs [E(0;1)+ E(1;0) E(0;0) E(1;1) < 0]. If there is

any, regularize it using the MM method (for instance, set thelinking edge weight

to zero).
6: Construct elementary graphs and merge them to obtain the man graph.
7 Compute the max- ow/min-cut ( S;T) fS- source set;T-sink sefg.
8: for all pixel (i;j ) do
9: if pixel (i;j) 2 S then
10: k9% = kij +s
11: else
12: k% = kij fremains unchanged
13: end if
14: end for
15: if E(k§j )<E(kj ) then
16: k = kO
17: else
18: possible-improvement = 0
19: end if

20: end while

21: end for
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guadratic. In what relates to larger amplitude discontinuities, they should not be too
much penalized and, as such, it makes sense to employ poteats growing much slower
than the quadratic. This is why it makes sense to choose halfuadratic potentials like,

e.g the truncated quadratic [14] and the potential used by Geman and McClure [46].

4.4 Experimental Results

In this section we present some experimental results that lustrate the performance of
the above introduced algorithm. All the experiences regardvery hard phase unwrapping
problems, derived from both synthetic and real data. We shold refer that in all the gures
presenting phase images we employ a linear gray scale; we dotrshow a colorbar legend
in the gures of this section in order to facilitate their und erstanding. We remark that
the Matlab (mixed with C++) code has been run in a 2.2 GHz Intel dual core processor,
in a maximum of few dozens of seconds.

Figure 4.3 (a) displays a phase image (150 100 pixels) to be unwrapped; it is syn-
thesized from an original phase surface formed by a Gaussiamith a 14 rad height and a
clipped quarter. This quarter causes many discontinuities which renders a very di cult
phase unwrapping problem. It should be noted that we do not povide any discontinuity
information to PUMA in this experiment. Figure 4.3 (b) shows the tentative unwrapped
image with a classicall 2 norm. With such a potential, the computed phase is useless. ig-
ure 4.3 (c) displays a successful, with an error of 3 2 in just one pixel (the dark among
white ones in the border), unwrapping in 12 iterations, for which the energy decreasing is
shown in Figure 4.4 (d). Figure 4.3 (d) displays the mesh coresponding to 4.3 (c). This
unwrapping was obtained using the approximate version of PWA with the nonconvex
potential depicted in Figure 4.4 (c), and a maximum jump sizem = 1. In Figures 4.4 (a)
and 4.4 (b) we show, respectively, the nonregular horizontaand vertical cliques during
the rst iteration of the algorithm (signalled as white). Th e number of nonregular cliques
is relatively small (235 and 243, respectively).

Figure 4.5 (a) shows a phase image (152458 pixels) to be unwrapped. It was obtained
from an original absolute phase surface that corresponds ta (simulated) INSAR acqui-
sition for a real steep-relief mountainous area inducing, herefore, many discontinuities
and posing a very tough PU problem. This area corresponds to éng's Peak, Colorado,

USA, and the data is distributed with book [49]. The wrapped image is generated ac-
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Figure 4.3: (a) Wrapped Gaussian elevation with a clipped qarter. (b) Image in (a)
tentatively unwrapped with a classical L? norm potential. (c) Image in (a) successfully
unwrapped (3 2 error in one pixel) using a nonconvex potential. (d) A\3-D" r endering

of the unwrapped image.
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Figure 4.4: This gure refers to the unwrapping illustrated in Figure 4.3 (successful un-
wrapping). (a) Nonregular horizontal cliques (white signdled) during the rst iteration.
(b) Nonregular vertical cliques (white signalled) during the rst iteration. (c) Nonreg-
ular potential employed in the unwrapping. (d) Energy decreasing along the successful

unwrapping.
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cording to an INSAR observation statistics (see,e.g. [63]), producing an interferometric
pair; by computing the product of one image of the pair by the @mplex conjugate of the
other and nally taking the argument, the wrapped phase image is then obtained. Figure
4.5 (d) shows a quality map (also distributed with book [49]) computed from the INSAR
coherence estimate (see [49, Chap.3] for further details)However, to illustrate the dis-

continuity blind detection and preservation ability of the PUMA method with nonconvex

potentials, we have reduced, substantially, the number of spplied discontinuities to the

algorithm. The corresponding quality map is shown in Figure 4.5 (c). The PU problem
thus obtained is far more di cult than the original ( i.e., using the complete quality map)
and a nonconvex potential is able to solve it. The resulting pase unwrapped is \3-D"
rendered in Figure 4.5 (b), corresponding to an error norm (&andard deviation of the, one
dimensionally considered, image given by the di erence beteen original and unwrapped
phase images) of (8 radians. The unwrapping was obtained using the approximag version
of PUMA, with m = 2. In Figure 4.5 (f) the employed non-convex and quantized ptential

is depicted. The correspondent analytical expression is gen by Vo (x) = [Q» (x)]%0°2,

Figure 4.5 (e) illustrates the energy evolution with the algorithm iterations.

Figure 4.6 (a) shows another phase image (257 257 pixels) to be unwrapped, which
was synthesized from an original surface (distributed withthe book [49]) consisting of two
\intertwined" spirals built on two sheared planes. It should be noticed that the original
phase surface has many discontinuities, which make this anxéremely di cult unwrapping
problem, if no information is supplied about their location. The approximate version of
PUMA is able to blindly unwrap this image as is shown in Figure 4.6 (b), by using a
maximum jump size m = 7 and a nonconvex potential given by the following analytical
expression: 8

< (0:5(0:001 2)X2; jXJ 0:5

V(x)= | 4.3)

ixj%%t  ixj > 05:
Figure 4.6 (c) shows a \3-D" rendering of the unwrapped surf@e and Figure 4.6 (d) shows
the decreasing of the energy, along 31 iterations, in the unvapping process.

We emphasize that we obtained a correct (error free) unwrapjng except for a few (ten
or so) pixels; these are pixels that in image 4.6 (a) are in theborder of the two spirals
and furthermore present continuity with both vertical and h orizontal neighbours. This is
considered an image artifact and not an error of the algorithm. We further stress that, to

our knowledge, PUMA is the only algorithm able to perform this unwrapping perfectly,
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Figure 4.5: (a) Wrapped phase image obtained from a simulateé INSAR acquisition from
Long's Peak, Colorado, USA (Data distributed with [49]). (b) Image in (a) unwrapped by
PUMA (32 iterations). (c) Discontinuity information given as input to the unwrapping
process. White pixels signal discontinuity locations. (d) The total discontinuity informa-
tion at disposal. White pixels signal discontinuity locations. (e) Energy decreasing for the

unwrapping of image in (a). (f) The potential employed.
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Figure 4.6: (a) Wrapped phase image corresponding to an origal phase surface of two
intertwined spirals in two sheared planes (Data distributed with [49]). (b) Image in (a)

blindly unwrapped by PUMA (31 iterations). (c) A \3-D" rende ring of the unwrapped
image. (d) Energy decreasing for the unwrapping of image ind). Notice that no discon-

tinuities are supplied to the algorithm.
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without recurring to the use of information about the locati on of discontinuities.

Figure 4.7 (a) shows another phase image (256 256 pixels) to be unwrapped. As in
[86], it corresponds to a kind of cylinder upon a ramp and has aniform noise of 3 radians.
The result of unwrapping this image using the approximate vesion of PUMA is shown in

Figure 4.7 (b). It was employed the nonconvex potential

8
< 2(0:01 2)X2; JXJ 2

V(x) =, (4.4)

and a maximum jump size ofm = 9. Figure 4.7 (c) shows the pixels where the unwrapping
went wrong (white pixels); it amounts to only 0:39% of the total pixels. It should be
noticed that no discontinuity information was supplied to t he algorithm, which employed
43 iterations along nearly 100 seconds. Figure 4.7 (d) deptie the employed potential. The
results here presented show an apparent more accurate anddiaphase unwrapping than

those reported in [86] (note that we use 4 neighbors for eachixel).

Given the quite di erent problems presented above, in this and in the preceding chap-
ter, a natural question arises: given a certain particular FU problem, what potential,
scheduling and regularization parameter should be taken? istly, we stress that a proper
answer to this question is out of the scope of the present work However, let us remark
that for the problems in Figures 3.6 and 3.7 any kind of non-quantized potential proved
to work in all the experiences we have put it through; regardng Figure 4.3, we found that
most of the potentials with exponent less than one are suitale; with respect to Figures 4.5
and 4.7, a more ne tuning of an appropriate potential had to be carried out, and nally,
to attain a successfull solution of the di cult problem pres ented in Figure 4.6, an even
more thorough ne tuning was required. Regarding scheduliry, a similar pattern of tuning
needs was found; the values presented in this work proved toige the smallest schedules
good enough to solve the problems. Finally, the regularizébn parameter was also hand
tuned to get the best results. Although we put emphasis in tha PUMA algorithm allows
a large family of potentials and move spaces, which gives ehkility to address di erent
phase unwrapping problems, the question of nding the most siitable ones (as well as the
best balance between the data and prior termsj.e., the best regularization parameter) is

relevant and to be addressed in the future.
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Figure 4.7: (a) Wrapped phase image corresponding to an origal phase surface given by
a kind of cylinder upon a ramp. In all the image there is a unifom noise of 3 radians
(data reported in [86]). (b) Image in (a) blindly unwrapped by PUMA (43 iterations). (c)
0:39% of the total number of pixels (shown in white) had a wrong wwrapping. (d) The

potential employed.
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Table 4.1: Root Mean Square Error (rad).

Algorithms
Experiments PUMA GBC QG MC FMD WLS LON

Clipped Gaussian| 0.15 1.08 036 216 123 599 541
Long's Peak 0.30 8.12 12.02 1477 0.50 1.14 0.48
Spirals 0 29.36 33.50 33.57 33,51 33.80 33.44

Cylinder on plane | 1.53 6.07 1234 1695 8.61 14.82 12.00

4.4.1 Benchmarking

In this section we benchmark the version of PUMA approach intoduced in this chapter
(Algorithm 2) against several state-of-the-art and represntative algorithms. The bench-
marks are evaluated on the experiments addressed in the pr@aus sections. Table 4.1
summarizes the quantitative results obtained for the bencimarks. The performances of
the algorithms are measured by the RMSE (root mean squared eor), i.e., the standard
deviation of the absolute error between original and unwraped phase images. The com-

paring algorithms are the same that were considered in Chapr 3, namely:

Path following type: Goldstein's branch cut (GBC) [53]; quality guided (QG)
[74]; and mask cut (MC) [40].

Minimum norm type: Flynn's minimum discontinuity (FMD) [41]; weighted least-

squares (WLS) [50]; andL® norm (LON) (see [49, Chap. 5.5]).

The obtained results clearly illustrate the competitiveness of PUMA with relation to
state-of-the-art algorithms.

We note the following:
1. PUMA's performance is systematically the best for the shavn experiments.

2. PUMA is the only algorithm that is able to unwrap the intert wined spirals image.
Furthermore, it does that perfectly, while all the other fail totally. We emphasize
that this is an extremely hard phase unwrapping problem as nanformation on the

tricky discontinuities is given.

3. The only algorithm which is able to unwrap the cylinder on plane image is PUMA.

All the other benchmarked algorithms fail, which is re ected on their RMSE values.
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We emphasize that this is also a very dicult phase unwrapping problem, as it
presents many original discontinuities plus noise derivedones; moreover, the non-

alignment with horizontal and vertical directions brings additional di culties.






Chapter 5

Phase Unwrapping and Denoising

5.1 Motivation

We have presented, in the two previous chapters, two algorihms for our PUMA approach
(tackling convex and nonconvex potentials, respectively) For both we have shown exper-
imental results involving noisy data, in which the phase unwapping was successful and
in that sense we dealt with noise. Regarding some of the resulting unwrappd images,
they appear noisy which is far from the ideal for usual real aplications. This brings
us to consider denoising. The pertinence of this operationsi transversal to all imaging
technologies and constitutes by itself a broad independentesearch topic. Being so, our
interest goes beyond applying the existing state-of-the-a techniques: we seek an exten-
sion of the PUMA approach that yields useful denoising. The nain two characteristics of

the proposed solution are the following:

1. Contrarily to the majority of the phase unwrapping formul ations that also perform
denoising, the so-called absolute phase estimation methad we opt for applying
unwrapping before denoising. By using a discontinuity presrving prior, PUMA not
only infers the 2 multiples of the absolute phase, but also, implicitly, detects the
discontinuity locations as we have shown in Chapter 4. This$ a crucial information
for the e ectiveness of the phase denoising, that would evenally not be available
if this step was applied prior to unwrapping. This way, we avad the denoising step

to erroneously take important phase information by noise.

2. Both phase unwrapping and denoising share the same rati@le. This is achieved

through the proposal of a multiprecision version of the optimization algorithms previ-

71
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ously presented. The multiprecision principle improves the performance by decreas-
ing the complexity of the algorithm. The denoising inherits the fast performance

from the max- ow algorithms.

5.2 Multiprecision Solution

Revisiting Section 3.1 we can see that the MAP estimation of he absolute phase is given

by minimizing the energy given by (5.1),

X X
E() icos(i i)+ Vig Ci ) (5.1)
IZV {Z } ]i;j g2E {Z }
Data delity term Prior term

which we emphasize as being a hard task as both data delity ad prior terms are non-
convex (in general).

We note that  represents the set of optimization variables, and stands for the noisy
observations. These two sets are linked through the data déity terms (the observation
model). Our purpose is to reconstruct the observed phase , mitigating the perturbation
of noise. In order to achieve that, we address the MAP estimabn problem considering
that is a set of continuous variables, whose (MAP) estimate is takded via a greedy and

multi-precision technique, which yields an approximate sdution.

First unwrap then denoise

Sometimes we may be just interested in computing the 2 multiple in the representation

i = i+2 ki, which amounts to be the phase unwrapping problem. A way of tlinking
about how to obtain the unwrapped solution is that, since thedata delity term, D;( ; =

i+2kj) = i, does not depend onkj, then the unwrapping optimization problem
consists in minimizing the prior term of (5.1) with respectto 2 Qizvf i+2Kki k2
Zg. In Chapters 3 and 4 we have introduced a descent method thatdepending on the
potentials, yields exact (in the case of convex potentials)or approximate (in the case of
nonconvex potentials) solutions. Each step of the method dwes a binary problem by
computing the min-cut of an appropriate graph. We apply this method in this chapter,
rst for phase unwrapping and then similarly for multipreci sion schedules, as will be clear

in the sequence.
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Multiprecision optimization

We note that the basic phase unwrapping step can be viewed as discretization of the
original domain, using a sampling interval of 2 . A consequence of this discretization is
that the resulting objective function is easier to deal with since, for 2 Qizvf i+2ki:
ki 2 Zg, it does not depend on the nonconvex data terms ; cos( i i)

After the unwrapping step, we get absolute phase estimatesigen by b= +2 R.
Even if the integer image estimate is exact, we still have ewr in D due to the noise present
in | [see expression (3.2)]. In order to Iter out the noise, we conpute a sequence of binary
descent optimizations using a multi-precision schedule. Te precisionq 2 f0;1;:::;Ng,
corresponds to a sampling interval of =2 =249, Thus, the coarser precision implements
phase unwrapping and the following denoising. Each of theskinary descent optimizations
is achieved through the graph mincut method used in the prevbus two chapters.

We highlight the following qualitative characteristics of the approach just described:

1. The PUMA algorithm proposed in Chapter 4, used for phase uwrapping, is able to

deal with discontinuities and implicitly locate them.

2. The PUMA solution for phase unwrapping yields an error mud smaller than in

magnitude in most of the pixels.

3. Given that for precisions q > 0, we have, for mosti 2V, j ; il , then most
of the unary terms  j cos( ; i) behave as convex functions, rendering a much

easier optimization problem.

One expectable advantage of coarse-to- ne multi-precisio schedule is computation
time. However, in our scenario this may not be, perhaps, the rast important feature:
owing to the nonconvexity of the problem, the algorithm would have, very likely, got stuck

in a local minimum if we had begun with the highest precision.

5.3 Multiprecision algorithm

Algorithm 3 shows the pseudo-code for the multiprecision opmization, where we use the

following sets:

n o o
MY( %) 2RV = P+
n o o
MP(S) 2RV = 0
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i 210;1g; 2 R, and where we useE( ) to represent the energy approximation intro-
duced in chapter 4 (a regular approximation), which is needd to allow the energy to be

graph representable. The construction ofE( ) is illustrated in Figure 4.2.

Algorithm 3 PUMA (phase unwrapping plus denoising).
Initialization: = fInterferogramg, successup = false, successdown = false

1. for =2 20:2 1..---2 N dog

2:  while (successup = false OR successdown = falsa&jo

3 if successup = falsehen

4 M =argmin s,y E(Y
5: if E(")<E () then

6: ="

7 else

8: successup = true

9 end if

10: end if

11 if successdown = falsghen
12: ™ = argmin "aMD () ()
13: if E(™)<E () then

14: ="

15: else

16: successdown = true

17: end if

18: end if

19: end while

20: end for

Our algorithm engages in a greedy succession of up and downnary optimizations.
The precision interval starts with the value 2  and ends with the value 2= (2V), where
N is a depth of precision. In order to characterize the algorihm, we start assuming
E( )= E( ) and the terms D; and V;; in expression (5.1) to be convex. Then, for each
precision interval , Algorithm 3 nds, in nite time, a mini  mizer of E in a grid of size

. More precisely, we have

Theorem 2 If the unary and pairwise terms of E, de ned in (5.1), respectively, Di( ), for
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i2V,andV; (), for (i;j ) 2 E, are convex, then, at a given precision interval =2 =29,

1. The output of the loop \while " is a minimizer of E( ) in the set

2 RVi: i= itz z2Z7Z.

Kq+1, whereKq= K29 is the range of the2 multiples variables at precisiona.

Proof: See the Appendix.

Complexity

As already pointed out, we solve the binary minimizations dsplayed in lines 5 and 14
of Algorithm 3 by computing min-cuts on appropriate graphs. Denoting by T(n; m) the

worst-case complexity of the used min-cut algorithm, wheren is the number of graph
nodes andm the number of edges, and recalling from Theorem 2 thaK 4 represents the
range of the 2 multiples variables at precision g, then Algorithm 3 takes the worst-case
pseudo-polynomial time O (KT (n;m)) to nd a minimum of E at the precision q.

The rationale underlying the multi-precision minimizatio n is that of a minimum length
search for a minimizer of E. Still considering the convex scenario, given a minimizer &
a precision g, say 9, there exists a minimizer at the precisiong+ 1 such that k ¢

@l <n [76, Theorem 7.18], wherekxky max; jXxij is the I1 -norm of x. Therefore,
the algorithm takes at most n iterations to nd a minimizer at resolution g+ 1 (see
Chapter 3). Consequently, the number of iterations to nd a minimizer of E is bounded
by O(nlogKy). In practice, we have observed systematicallyk 9 o+l gy n, and
very often we havek 9  9*1k; < 2, making the algorithm highly e cient from the time
complexity point of view. This behavior is illustrated in Fi gure 5.1 (c), where we show
the evolution of Algorithm 3 in a convex scenario, both with and without multi-precision.
Notice that in the former case the number of \up and down"iterations (lines 6 and 14 of

Algorithm 3) to nd a minimum, in a given precision, is 2 (Kq+1).

5.4 Experimental Results

We remark that matlab (mixed with C++) code has been run in a 2.2 GHz Intel dual

core processor, in a maximum of few dozens of seconds.
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5.4.1 lllustrating multi-precision

Figures 5.1 and 5.2 illustrate the virtues of employing a muti-precision approach. In
Figure 5.1 we intend to illustrate the pure e ect of algorith m's speed enhancing. Let us

recall the general energy expression (3.3)

X X
EC) Di( i) + Vig Cio ) (5.2)
j2v iij g2E
[ S )
Data delity term Prior term
for which we now setDi( {)=j ; ij%, instead of the sinusoidal nonconvex observation
data model, andV;; ( i j) as being a convex prior potential. Therefore, we are dealig

with a convex energy. In this example, plays the role of a noisy observation of in a
Gaussian additive model. Figure 5.1 (a) shows an image thatarresponds to a discretized
pyramid with additive Gaussian noise ( = 1). Figure 5.1 (b) shows the image in Figure
5.1 (a) denoised by applying Algorithm 3; the result is very good. Fig. 5.1 (c) illustrates
the energy decreasing versus iterations. The curve with mas on it represents the energy
evolution by using multi-precision; each mark correspond€o a change of precision. The
other curve corresponds to a performance of the algorithm irthe nest precision from the
beginning. It can be seen that both ways we end up with the samenergy (and in fact
the same denoised image), as expected by using a convex enefgnction; however, multi-
precision turns the algorithm much faster. In Figure 5.2 we llustrate the phase unwrapping
plus denoising by getting back to the energy (5.1) employeddr phase unwrapping (with the
sinusoidal observation data model), and a prior potential dentical to a truncated quadratic
[14]. Figure 5.2 (a) shows the wrapped phase correspondingta true phase given by a
clipped Gaussian with 14 rad height. Figure 5.2 (b) shows a perfect unwrapping obtaired
by Algorithm 3 using the multi-precision approach. Figure 5.2 (c) displays the completely
failed unwrapping that one obtains by running the algorithm with the nest precision
from the very beginning. Finally, Figure 5.2 (d) displays the energy evolutions either with
and without multi-precision; the curve with marks on it corr esponds to the multi-precision
run (each mark represents a precision change). These plotHiustrate that multi-precision
avoids the poor energy local minima that are obtained withou multi-precision. Again
multi-precision enhances the speed of the algorithm.

In the next section, we present a series of experiments illisating the e ectiveness of

the proposed approach in absolute phase estimation (phasenwrapping plus denoising).
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Figure 5.1: (a) Discretized pyramid with additive Gaussiannoise ( = 1). (b) Image in (a)
denoised by Algorithm 3 (convex energy). (c) Energy decredsg vs iterations regarding
(b): marks mean increase of precision; the other curve corsponds to using the nest

precision only.
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Figure 5.2: (a) Wrapping of a clipped Gaussian with 14 rad height. (b) Perfect un-
wrapping obtained by Algorithm 3 using multi-precision approach. (c) Completely failed
unwrapping by running the algorithm with nest precision on ly. (d) Energy evolution
either with and without multi-precision [(b) and (c) respec tively]; marks mean increase of

precision; the other curve corresponds to using the nest pecision only.
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5.4.2 Phase unwrapping plus denoising

We present four experiments illustrating the performance @ the proposed algorithm. With
the exception of the rst one, all of them concern absolute ptase surfaces which have
appeared in the experimental results shown in previous chagrs. We made such a choice in
order to simplify future benchmarkings. The rst three concern synthetic data [generated
according to the model shown in (3.1) and with A = 1] and the fourth deals with the
INSAR data distributed with [49], which is a commonly used benchmark to score absolute
phase estimation algorithms. In all the experiments, we emfpy a depth of precision
(see Algorithm 3) N = 8, which gives a minimum precision interval of 2=28 rad '
25 10 3rad. The regularization parameter [see (3.4)] was hand tuned for the best

performance. Regarding the potentials we use half-quadrat type potentials (5.3),
8

V(x) = < p* T (5.3)
- PP i >
with 0 < p < 1 and thus nonconvex, or either, quadratic potentials (given by the same
expression by choosingp = 2). We furthermore refer that in the four experiments the
regularization parameter was chosen to take values in the $40:2; 0:4], and that the ex-
ponent p was chosen to take values close to:B, when the original absolute phase has
discontinuities, and equal to 2 when there are no discontinities. These values ofp con-
form with the introduced rationale: to preserve discontinuities, the exponentp of the half
guadratic potential, must satisfy p < 1, and thus the potential is non-convex. On the
other hand, if there are no discontinuities to preserve, cowex potentials are preferable,
(e.g, p = 2), as they impose smoothness on the estimated surfaces andad to easier

optimization problems.

We consider the following error measures:

1. RMSE std(" ),
. . 2
2. ISNR 10log 1({%;

where, as usual, is the true absolute phase, the noisy wrapped phase,” the esti-
mated absolute phase, and std( denotes the sample standard deviation. RMSE (root
mean squared error) is a measure of the total error, whereasis de nition for ISNR (im-
provement in signal to noise ratio), introduced in [7], is a neasure of the noise reduction

independent of the phase unwrapping.



80 CHAPTER 5. PHASE UNWRAPPING AND DENOISING

Synthetic data

In this section, the standard deviation of the Gaussian noig is set to = 0:5 which
corresponds to a signal to noise ratio SNR 1= ? [see generation model (3.1)] of ©2 dB.
We should remark that in this scenario, which poses a very hat task given the amount

of noise, we have run for each experiment onte-Carlo simulation with ten iterations.

Figure 5.3 (a) displays an image (100 150 pixels) corresponding to an absolute phase
surface formed by two equal sized planes with slopes, resgaely, of 1 and 0 rad/pixel: the
so-called sheared ramp (maximum height di erence is 99 rad)Figure 5.3 (b) displays the
image shown in (a) wrapped and noisy; Figure 5.3 (c) shows thémage in (b) unwrapped
and denoised, and Figure 5.3 (d) displays a wrapped versionfestimated phase shown
in (c). For this experiment, we set the prior parameter = 0:4 and the potential with

exponentp =0:4.

The original absolute phase image displays a vertical disaginuity between the two
planes. Thus, from the absolute phase estimation point of v@w, the two planes corre-
spond to two disconnected images, rendering a hard estimain problem, if no external
discontinuity information is used. Assuming that the phase estimation algorithm is able
to blindly detect discontinuities, the most we can hope for s to obtain two planes correctly
estimated, up to an unknown 2 multiple constant phase di erence between them. The
proposed algorithm accomplishes that, almost perfectly, ithout any external discontinuity
information. The total root mean square error RMSE = [(nqvary + novarp)=(nqi + ny)]=2,
where n; and var; are, respectively, the number of pixels and the sample variace of the
error regarding the estimated absolute phase surface= 1;2, is RMSE = 0:14 rad. The
improvement in signal to noise ratio, as de ned above, is ISNR = 8:99 dB. The num-
ber of wrong wrap counts (hnumber of wrong multiples of 2 throughout the image) is 0

(Monte-Carlo simulation).

Figure 5.4 illustrates some more the experiment presentedni Figure 5.3. Figure 5.4
(d) displays the discontinuities that the unwrapping step is able to blindly detect. Figure
5.3 (d) shows the re-wrapped image shown in 5.3 (c). As alreadreferred to, the shear
discontinuity plus the noise poses a very hard task; it is noiceable the good unwrapping
and denoising. Figure 5.4 (a) shows a 3D rendering of the imagshown in Figure 5.3
(c); Figure 5.4 (b) shows a corresponding 3D rendering afterunwrapping and before

denoising. Figure 5.4 (d) shows the descending energy furioh along the iterations of the
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Figure 5.3: (a) Sheared ramp image (99 rad height) (b) Wrappé and noisy image shown
in (a). (c) Image in (b) unwrapped and denoised by our algorihm (RMSE = 0:14 rad).

(d) Image in (c) re-wrapped.

minimization algorithm.

Figures 5.5 and 5.6 are analogous to Figures 5.3 and 5.4, remgively, but now the
original absolute phase surface is a, 100 100 pixels sized, Gaussian elevation with a
height of 14 rad and standard deviations d = 15 pixels (vertically) and d = 10 pixels
(horizontally); additionally, in a quarter of the plane the Gaussian has zero height, in-
troducing surface discontinuities. We stress that this is ahard absolute phase estimation
problem given these discontinuities plus the noise. For thé experiment, we used the prior
parameter = 0:4 and the potential with exponent p = 0:4. The absolute phase estimate
shown in Figure 5.5 (¢) has RMSE = Q7 rad and ISNR = 7:85 dB. The number of wrong

wrap counts in the image is 204 (Monte-Carlo simulation). The obtained reconstruction
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Figure 5.4: This gure illustrates, some more, the experimet presented in Figure 5.3. (a)
3D rendering of image in Figure 5.3 (c). (b) 3D rendering of the image in Figure 5.3 (c)

before denoising. (c) energy function evolution along theterations of the algorithm. (d)

discontinuities blindly detected by the algorithm.
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is almost perfect.

Contrarily to the shear ramp, there is just one connected corponent in this example,
and then, up to a 2 multiple constant phase, the solution is unique. The reasoris that,
for a given data mismatch, the adopted potential minimizes the number of discontinuities
and any other solution having the same data mismatch would hae more discontinuities.

We emphasize that the quarter of the Gaussian having zero hght, plus the noise,
introduces a lot of discontinuities, which the unwrapping dgorithm is able to detect (the
algorithm also marks other pixels as discontinuities due tonoise plus high phase rate
e ects) as shown in Figure 5.6 (d). The denoising e ect is qute evident in Figure 5.5 (d).
The 3D rendering of Figures. 5.5 (a) and 5.5 (b) illustrates tie unwrapping plus denoising
and unwrapping e ects respectively; in 5.6 (¢) is shown the golution of the objective
function along with the iterations.

Figures 5.7 and 5.8 are similar to Figures 5.5 and 5.6, resptdeely, but now the original
absolute phase surface is a, 100100 pixels sized, Gaussian elevation with a height of 14
rad and standard deviations d = 15 pixels (vertically) and d = 10 pixels (horizontally).
For this experiment we used a prior parameter = 0:4 and the potential with exponent
p = 2. We found out better results with such a relatively high exponent p (compared to
the p used in the last presented results); this can be explained bthe fact that the original
surface does not have discontinuities, although it has highphase rates that may create
problems when noise is added. Figure 5.5 (c) exhibits an almst perfect unwrapping and
RMSE = 0:15 rad. This denoising corresponds to ISNR =574 dB and is quite evident in
Figure 5.5 (d) where we show the rewrapped denoised image. E3D rendering of Figures
5.8 (a) and (b) illustrates the unwrapping [(b)] and unwrapping plus denoising e ects
[(@)]. In Figure 5.8 (c) we show the evolution of the energy abng with the iterations. The

number of wrong wrap counts is 0 (Monte-Carlo simulation).

5.4.3 Real data

Finally, we illustrate the performance of the algorithm on a (152 458 pixels) INSAR image
(the same as employed in Figure 4.5 in Chapter 4). We have empyed a prior parameter
=0:2, and a quadratic potential p = 2. Figure 5.9 (a) displays an image corresponding
to an absolute phase surface generated by a (simulated) InSA acquisition for a real
steep-relief area (Long's Peak, Colorado, USA. Data distbhuted with book [49]), thus

inducing many discontinuities and posing a very hard absolte phase estimation problem.
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Figure 5.5: (a) Gaussian image with 14 maximum height and with a quarter set to zero.
(b) Wrapped and noisy image shown in (a). (c) Image in (b) unwrapped and denoised
(RMSE =0:7 rad). (d) Image in (c) re-wrapped.
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Figure 5.6: This gure illustrates, some more, the experimet presented in Figure 5.5. (a)
3D rendering of the image in Figure 5.5 (c). (b) 3D rendering & the image presented in

Figure 5.5 (c) before denoising. (c) Energy evolution alonghe iterations of the algorithm.

(d) Discontinuities blindly detected by the algorithm.
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Figure 5.7: (a) Gaussian image with 14 rad maximum height. (b) Wrapped and noisy
image shown in (a). (c) Image in (b) unwrapped and denoised (MSE = 0:15 rad). (d)

Image in (c) re-wrapped.



5.4. EXPERIMENTAL RESULTS 87

(e) )

Energy

o

Iterations

(@)
Figure 5.8: (a) 3D rendering of image in Figure 5.7 (c). (b) 3Drendering of the image in

Figure 5.7 (c) before denoising. (c) Energy function evoluibn along the iterations of the

algorithm.
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Figure 5.9 (b) displays a corresponding wrapped and noisy imge. In some areas the
characteristic fringes are destroyed due to typical phenorana as shadowing and layover
(see, e.g, [49]). Figure 5.9 (f) shows a quality map that is an input to the algorithm:
white color corresponds to pixels whose phase value is meagjless and gray corresponds
to the rest of the pixels. This information accounts for jamming phenomena such as, the
above mentioned, layover and shadowing. PUMA is able to scen those white pixels from
the absolute phase estimation process (therefore those ps do not \contaminate" the
results for the rest of the image), and this is the reason why w employ a non discontinuity
preserving quadratic potential. Obviously the error values here presented refer only to gray
image areas on the quality map (in fact we also do not count wih pixels at the border of
the gray image, as well as those pixels from the rst and the lat columns of the image; this
is so because such values are outliers driven by data acquisin artifacts). Figure 5.9 (c)
shows the unwrapped and denoised resulting image, with RMSE 0:18 rad corresponding
to ISNR = 3:8 dB. Figure 5.9 (d) displays the image in (c) rewrapped. Comjring it with
image shown in (b), it is apparent the denoising e ect; this is quite clear comparing the
zoomed patches in (b) and (d). Figure 5.9 (e) displays a 3D redering of the image in (c).
We further add that the performance took 35 iterations (with in Algorithm 3) and we got

one wrap-count error.

5.4.4 Benchmarking

In this section, we benchmark the version of PUMA approach itroduced in this chapter
(Algorithm 3) against the state-of-the-art competitors PE ARLS, introduced in [7], and
LPNO, presented in [49, Chap.5]. The benchmarks are evaluat on the experiments
addressed in the previous sections, with the exception thatve run them for a set of noise
values = f0:1;0:3;0:59 (see Section 3.1 for the de nition of ). We emphasize that we do
not benchmark againstZ M [36] (algorithm that we have already mentioned above and
which is state-of-the-art in absolute phase estimation) beause both PEARLS and PUMA
can be considered as extensions to it.

Table 5.1 summarizes the quantitative results obtained forthe benchmarks. The bullets
mean that, for our purposes, that experiment is not relevant In fact LPNO aims at

achieving (minimum L° norm?) phase unwrapping (not denoising) and, being so, it is not

LCommonly considered as the most desirable minimum LP norm criterium, in practice, for phase un-

wrapping purposes.
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Figure 5.9: (a) Absolute phase gray level image generated by (simulated) INSAR acqui-
sition for a real steep-relief area. (b) Wrapped and noisy inage shown in (a). (c) Image
in (b) unwrapped and denoised by our algorithm (RMSE = 0:18 rad). (d) Image in (c)
re-wrapped. (e) 3D rendering of the image in (c). (f) Quality map that is an input to the
algorithm: white color corresponds to pixels whose phase Vae is meaningless and gray

corresponds to the rest of the pixels.
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Table 5.1: Root Mean Square Error (rad).

Algorithms
Experiments PUMA PEARLS LPNO

Gaussian

=0 0 0 0
=0:1 0.05 0.05

=0:3 0.11 0.08

=05 0.15 0.11

Shear Ramp

=0 0 0 121
=0:1 0.06 0.07

=0:3 0.10 0.09

=0:5 0.14 0.11

Clipped Gaussian

=0 0 0 548
=0:1 0.13 0.85
=0:3 0.4 0.90
=0:5 0.7 0.98
Long's Peak 0.18 0.20

fair to apply it to noisy phase images.

We further add that for noiseless cases ( = 0) both PUMA and PEARLS run in the
phase unwrapping modej.e., PUMA runs as described in [11], and PEARLS also runs as
PUMA in this case [7].

We note the following:

1. Both PUMA and PEARLS tend to outperform LPNO in phase unwrapping ( =0

case) when there exist discontinuities to blindly deal with

2. PUMA tends to outperform PEARLS when there are discontinuities. As we have
previously referred, PEARLS implements a local polynomialapproximation (LPA)
with varying adaptive neighborhood. This adaptiveness trades bias with variance in
such a way that the neighborhood's window stretches in areasvhere the underlying

true phase is smooth and shrinks otherwise, namely in the pigence of discontinuities.
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It happens that, sometimes, this shrinkage is not enough, imlying a few unwrapping
errors near these discontinuities. This phenomenon is illstrated in the results for

the clipped Gaussian.

3. PEARLS tends to outperform PUMA when there are no discontinuities and the SNR
is low. The adaptive window selection technique jointly with LPA results very pow-
erful. This is illustrated in the Gaussian experiment. In the Long's Peak experiment
PUMA and PEARLS tend to behave very similarly (the slight di erence in favor of
PUMA is meaningless because, as we have already referred the error is evaluated
in a subset of the image, which may have slight di erences in lhe experiments using

both PUMA and PEARLS).

To our knowledge PEARLS is a state-of-the-art absolute phas estimation algorithm.
From all the held experiments, PUMA can also be considered site-of-the-art. Finally
we remark that PUMA has been consistently observed to be qui¢ faster than PEARLS
(we should note that, even so, the code is a mix of matlab and C+, therefore is not

optimized).






Chapter 6

Frequency Diversity

6.1 Introduction

Frequency diversity is an acquisition strategy where more han one phase image is acquired,
each one corresponding to a di erent frequency of the sinusdal nonlinearity. By acquiring
more than one phase image, the number of absolute phase saioims compatible with the
observations decreases and, therefore, the hardness of tiphase estimation problem is
lightened. Frequency diversity based phase unwrapping algrithms are scarce. We are
aware only of the ones presented in [104], [100], and [81] plitkhed in 1994, 1998 and
2002, respectively. Regarding the rst, [104], it proposeghree very simple and appealing
algorithms that, nonetheless, are error prone. With respetto the second [100], it is a
multidimensional (accounting for multifrequency) version of the minimum L? norm type
of PU algorithm [49], with relaxation to the continuum that i s well-known [49] to give
rise to solving a Poisson equation. The weaknesses of this pmach are long-familiar,
in particular the oversmoothing of high phase rate slopes ad discontinuities, which is
further ampli ed by the proposed previous low-pass lIterin g stage (see [36] for a deeper
discussion on this problem). Concerning [81], it consists foan algorithm based on a
maximum likelihood estimation technique, whose goal is to pproximate the unknown
(absolute) surface by means of local planes. The approach ssres the uniqueness of
the solution, even accounting for high phase rates or discdimuities. However, the global
optimization required to compute the maximum likelihood, by suggestion of the authors, is
to be achieved by simulated annealing, which is a (howadaysjoo much slow optimization

technique to tackle this problem, for which, e.g., graph-cuts techniques are much more

93
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suited.

6.2 Diversity

The data model which we consider throughout our work has beenntroduced in Section

3.1. We recall that it is given by expression (6.1)

z = AdF +n A>0 (6.1)

= JZJeIF( + n),

where A is an amplitude, is the true phase value,n = n; + jng is a complex-valued
zero-mean circular white additive noise, and , is the phase due ton. This time we
have introduced a constant F, without loss of generality, which has attached to it the
meaning of a frequency, namely, the observation frequency.Now we are interested in
considering frequency diversity, namely, let us (for the s&e of simplicity) consider two
frequenciesF, = p=q F, = r=s, wherefp;q;r;sg 2 N!. Assuming that observations (6.1)
are independent for each frequency, and similarly to what weénave shown for one frequency
only, in Section 3.1, we have that the MAP estimation of the alsolute phase is obtained

by minimizing the energy

X X
E() 1 c08(y Fii) acos(z Foi)+ V(i) (6.2

i2 fi;j g2E
which is analogous to the single frequency energy.

We have referred that with frequency diversity the number of candidates to be the phase
estimate decreases. An equivalent statement is that the unabiguity interval [ ; ) gets
extended. Stating it more clearly, it is easy to show that the sum of two cosine functions,
having as in (6.2) di erent frequenciesF; = p=qand F, = r=s, wherefp;qg;fp;rg, fq; s,
and fr;sg are coprime integers, results in a third periodic function whose period isq s;
as the initial functions do have periods of respectivelyg and s, we conclude that the period

is, in general, extended and so the ambiguity reduced. Figwe 6.1 illustrates this e ect by

!Rigorously, F1 and F» can be irrational as long as their quotient is rational. Howe ver, not considering

it does not make any loss of generality in what follows.
2Two integer numbers are said to be coprime if their greatest common divisor is the unity.
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Figure 6.1: Ambiguity reduction by summing two periodic functions: the beat e ect.

plotting the function f (t) = cos(t) +cos(2=5t); t2 [ 8 8] with t in 2 rad units. It can

be seen that the period has been extended ve times (the ini&l periods were 2 rad and
5 2 rad). This \beat production”, well known in wave physics, can also be understood
by the Chinese remainder theorem [59].

It is a well known behavior, e.g, from wave phenomena, that the greater the beat
period extension, the smaller the di erence between globaand local optima. Furthermore,
it is also well known that beat period extension brings noiseampli cation. This trade-o
should then be taken into account. We further add that if the requirement of the quotient
of F; and F; to be rational is not met, then the sum of the two cosines will n fact result in
a non periodic (namely, quasi-periodic) function. Accordngly, the above referred rst side

e ect will be enhanced (i.e., there will be local optima arbitrarily close to global opti ma).

6.3 Phase Unwrapping with Diversity

Looking back at (6.2) and analogously to what we have shown fosingle frequency, if we
admit a noiseless environment we may consider that the unwnaped phase satis es the

constraints:

Fi = 1+2kg; (6.3)
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and

F, = 2+2k2; (64)

for the two independent observations with frequenciesF; and F,, respectively. For the
sake of simplicity we can deal with (6.3) only, and (6.2) turns® into:
X F
E (K) cos 2 (1 2Ky )
i2v F1
X
+ Voo 2k oy 2Ky (6.5)
fi;j g2E
with a correspondingly combinatorial optimization (minim ization) to be done on variables
Ky, -

Unlike what we have been considering in previous chapters, aw the energy has
this nonconvex sinusoidal term and, accordingly, PUMA doesnhot apply. We now take
Vg 2Ky oy 2Ky = jki kjj the, so-called, non-isotropic total variation (TV); in
spite of such a potential being convex, which confers some @mization \easiness" (see,
e.g, [67] for a nice view on this \easiness" in combinatorial opimization problems), it still
has some discontinuity preservability properties.

We are aware of only three approaches, [60], [106], and [29hat are able to provide (in
polynomial time) a global minimum for a posterior energy like (6.5), which is composed
by a non-convex data delity term and a convex prior potential. Herein we refer to [29],
as it deals with our non-isotropic TV prior. The authors reformulate, there, the energy
in terms of independent binary Markov random elds attached to each level set of the
solution (in our case it is the unwrapped image solution). Then, the exact minimization
is obtained by using a min cut/max ow algorithm. More precis ely, using their notation,
they show that the posterior energy may be written as

X 2X
Ev (fug)=Ey(fu g+ H(us us™); (6.6)
=0 S
whereu is the solution image (our ), v is the data image (our ), > 0 is high enough

(see [29]),us = 1,, is the level set image ( level) at site s, L is the number of levels,
H is the heaviside function, and where
K2xX X _ X
Ev(fug = f Ri( )jus  ugj+ (ivs)d  ug)g (6.7)

=0 i=1 (sit) s
(s;t)=1i

SWe could have dealt with both observations simultaneously. For simplicity we do not.
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Figure 6.2: Sketch of the graph used to perform phase unwrappg. Toy example.

with (s;t) de ning a general clique involving sitess and t, and (s;t) = i determining
the size of the clique, andR;() being a positive non decreasing function. Concerning
the decomposition on level sets, the original image can be ¢dined back according to
us = minf ;u ¢ = 1g. Having decomposed the energy as a function of binary varides,
the authors then show that it is graph representable and, here, its global minimum is
given by the max ow min cut of the graph built according to the prescription given in

[67], which we ourselves used in previous chapters.

Figure 6.2 shows a sketch of the graph obtained for a toy examp. We highlight that
each node (except source and sink) corresponds to a binary Kable (a level set perlayer),
and that there will be as many image layersask; values in our case. Furthermore, each
node besides being linked to the nodes corresponding to itseighboring pixels, is also
linked to the node immediately above or beneath, which correponds to plus one or minus
one level set. We should also advert that each node is linkedot both source and sink
directly, although for simplicity, we do not depict all thos e edges.

In Subsection 6.4 we present some experimental results wher again, we have used
the augmenting path type max ow/min-cut algorithm propose d in [18], whose worst case

complexity is O(n?m) [4], wheren and m are the number of vertices and edges, respectively.
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Denoise

For denoising we follow the multiprecision framework that we setup in Chapter 5. So
our frequency diversity phase unwrapping plus denoising gorithm is described by the

following two lines high level pseudo-code:

Algorithm 4  PUMA (phase unwrapping with frequency diversity plus denoising)
1. Do phase unwrapping with frequency diversity by computing amax- ow/min-cut

2: Do denoising with multi-precision

In the next section we show some relevant experimental restd.

6.4 Experimental Results

In this section we brie y illustrate the performance of the above presented algorithm on
two representative problems, for which phase unwrapping is hard task due to high phase
rates of the absolute phase images. With these experimentshe important feature that
we want to emphasize is frequency diversity and we deal with dnoising in a qualitative
degree only. We remark that the matlab (mixed with C++) code h as been run in a 2.2
GHz Intel dual core processor, in a maximum of few dozens of sends.

Figure 6.3 (a) displays an image which is given by a Gaussiandving maximum height
of 50 rad height. Figures 6.3 (b) and (c) show the corresponding wapped images acquired
with frequencies F; = 1=1 and F, = 1=5, respectively, and having signal-to-noise ratio
(SNR 1= 2) of 4 dB. We note that the Gaussian's height of 50 rad plus the noise turns
this into a hard task for which a single frequency approach isnot enough. Figure 6.3 (d)
displays an image of the unwrapped Gaussian. Figure 6.4 (a)h®ws a 3-D mesh of the
unwrapped image in Figure 6.3 and Figure 6.4 (b) a 3-D mesh aéir the denoising. It is
clear that the algorithm made a perfect phase unwrapping (upto a no-meaning additive
constant) for which the diversity information was crucial. The result of the denoising
step is re ected in Figures 6.4 (c) and (d), which show the hisograms (the axis are in
rad) corresponding to the surfaces rendered in Figures 6.4aj and (b), respectively. It is
noticeable that the denoising erases the secondary modes the histogram.

Figures 6.5 and 6.6 are similar to Figures 6.3 and 6.4, respteely, but the starting
image is a sheared parabolic ramp having maximum height of Z2rad. The frequencies of

acquisition are F; = 1=1 and F, = 1=11, respectively, and the acquired images have SNR
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Figure 6.3: (a) Original Gaussian ramp phase image. (b) Imag in (a) wrapped with a
relative frequency of 1. (c) Image in (a) wrapped with a relaive frequency of E5. (d)

Unwrapped image from the previous wrapped images shown in {band (c).
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Figure 6.4: (a) 3-D mesh of the image in Figure 6.3 (d). (b) 3-Dmesh of the image
in Figure 6.3 (d) after the denoising step. (c) Histogram coresponding to the surface

rendered in (a). (d) Histogram corresponding to the surfacerendered in (b).
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Figure 6.5: (a) Original sheared quadratic ramp phase image (b) Image in (a) wrapped
with a relative frequency of 1. (c) Image in (a) wrapped with arelative frequency of =11.

(d) Unwrapped image from the previous wrapped images showmi(b) and (c).

= 7 dB. We note that the parabolic's phase rates plus the noiseurns phase unwrapping a
hard task. Again the algorithm made a perfect phase unwrappng, for which the diversity
information was crucial. We emphasize that the unwrapping geserves the discontinuity
between the horizontal and the parabolic ramps. Concerningthe denoising step, it is
noticeable that the denoising erases the secondary modes the rst histogram.

Still referring to the histograms, the ones corresponding ¢ the noisy images show,
in general, a multi modal shape. Besides the central mode atmd zero, there are some
modes around multiples of 2 and 2 . Those correspond to \spikes" as a result of the

data observation model. After denoising they do disappear.
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Figure 6.6: (a) 3-D mesh of the image in Figure 6.5 (d). (b) 3-Dmesh of the image
in Figure 6.5 (d) after the denoising step. (c) Histogram coresponding to the surface

rendered in (a). (d) Histogram corresponding to the surfacerendered in (b).
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Conclusion

7.1 Summary

In this thesis we have introduced an approach to 2D phase unvapping which is based
on energy minimization. By adopting a MAP-MRF rationale we ended up with an in-
teger minimization problem. Typically, the number of variables of that optimization is
high (usually the number of pixels of the images involved), vhich contributes to make
the optimization a hard task. We proposed to solve this optimization problem through a
succession of binary minimizations, tackling each one of thse binary problems by using
graph cuts techniques. We derived a set of low-order pseudoglynomial complexity mini-
mization algorithms, and we have shown the performance of thse algorithms to be similar
or better than state-of-the-art, or otherwise worthy of note, phase unwrapping algorithms,

on representative problems.

7.2 Contributions

Next we list our main contributions.

A new, state-of-the-art competitive, approach to phase unwapping. The approach
adopts a Bayesian formulation where the prior probability is given by a Markov
random eld. The maximum a posteriori (MAP) computation leads to a discrete
energy minimization, for which we propose discrete optimiation algorithms based
on graph cuts. For convex MRF potentials we prove that the algrithms always

yield a global minimum and have a low-order pseudo-polynonal complexity. The

103



104 CHAPTER 7. CONCLUSION

performance of the algorithms is fast in the sense that they an deal with hundreds
of thousands or millions of discrete variables to optimize m, at the most, some tens

of seconds (by employing a usual laptop) [10, 94, 11].

Uni cation of the minimum LP norm, p 1, phase unwrapping problems in the sense
that we propose a parametric family of algorithms that solves them exactly. Forp < 1
we provide approximate algorithms that produce very good reults. The proposed

algorithms go, nevertheless, beyond minimurLP norm criteria [9, 8, 95, 11].

The establishment of approximate phase unwrapping algorihms which are capable
to consider non-convex potentials in the MRF. The derived afyorithms endow the
proposed approach the possibility to blindly detect discorinuities and preserve them.
This contribution is specially important since discontinuities play a fundamental role
in phase unwrapping, and many times in applications we don'thave prior information

about their localization [9, 8, 95, 11].

The introduction of a denoising procedure that shares the sme discrete rationale
of the phase unwrapping. That denoising is obtained throughan extension of the
phase unwrapping, by considering smaller steps with whichhe variables can vary.
We adopt a greedy energy minimization given by a sequence ofom increasing steps.
Every time the energy gets stuck in a minimum we change into a maller step, and

proceed iteratively until a nal chosen step is achieved [98 97, 96].

Frequency diversity phase unwrapping family of algorithmsas a way to extend the
unambiguous period [ ; ) and, accordingly, to deal with higher phase rates in
the phase unwrapping tasks. This frequency diversity methad is well known, for in-
stance, in radar interferometry. Its fundament can be explaned through the chinese
remainder theorem [59], according to which a certain numbemight be deduced from

the remainders of the division by two other (certain) numbers [12, 13].

Development of algorithms that are interesting per se and whose usefulness goes
beyond the realm of phase unwrapping into other domains suctas, e.g., computer

vision.
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7.3 Future Work
Next we refer to some of the questions which we would like to adress in the future:

Besides graph cuts, there exist other e cient and widely usal techniques to perform
energy minimization, namely: Loopy Belief Propagation [1®B] and Tree-reweighted
message-passing [101]. We intend to compare their performae in the application

of phase unwrapping.

The proposed algorithms have free parameters, namely, thesgularization parameter,
the scheduling, and the potentials. As much of the time for eective use of the
algorithms is spent in tuning those parameters, it would be & much practical (and
theoretical) interest to devise (unsupervised) procedurs to learn them. We note
here that, for instance, the decision to choose a convex or meconvex potential,
when using our approach is to be made by the user, according tsome a priori
knowledge that he might have about the existence (or not) of dscontinuities in the
wrapped image. This knowledge may be obtainedge.g., by visually inspection of
the wrapped image. In the future we will explore this line of research on learning

parameters.

One important question is whether we are able to easily port he proposed approach
into 3D, as it is useful for several applications. In the future we will work on our

approach for such 3D problems.

Finally, we would like, in the future, to extend the proposed algorithms in order to
consider higher order MRF interactions and, accordingly, b deal with higher phase

rates.






Appendix A

Proofs

Proof of Theorem 1

Dene ki =[kz], [ky],, fori 2 V. Given that the energy E(kj ) depends only on

di erences between elements ok, we take ki O fori2V. Dene n=max;( kj)and

kY = k@ +min(t; k);t=0;:::;n (A1)

The energy variation E E(kyj ) E(kij ) can be decomposed as

¥ h i
E Ek®j )y E®® D)) :
t=1 | {z
E (1)

Since E < 0 by hypothesis, then at least one of the terms E® of the above sum is
negative. The theorem is proved if we show that the variation E®  E(k©® + ®j )
E(kk@j )satises E® E®, where ®  k® kD foranyt=1;:::;n. This

condition is equivalent to

0 Ek®j ) E«ETY )y EKO+Kk® ki y+ EKY ); (A.2)

fort=1;:::;n. Introducing (3.9) into (A.2), we obtain 0 S, where

h i
_ (t) (t 1) (0) (0) (t) (t 1) .
S= \ i \ i +V i v i T i djj ;

107



108 APPENDIX A. PROOFS

where V is the clique potential, and i(jt) is given by (3.7) computed at the wrap-count

image k(. To prove (A.2), we now show that the terms of S corresponding to a given

edge {;j ) 2 E have positive sum.

of the de nition (A.1): if ki > k; the sequence is monotone irz)creasing; if Ki kj the
(t)
ij
monotone. De ne a i(jo), b i(jt Y andc i(jt), and without loss of generality
let us assumé a b ¢ We will show that the sum of terms of S, corresponding to the

n
sequence is monotone decreasing. Therefore the sequence

edge {;j ), is positive:

V(co V(bh+ V(@ V(@@+c b 0

(A.4)
V(@+ V() V(b V(@+c b:

By hypothesis, V is convex. Also by hypothesis,a b ¢ so9t 2 [0;1] : b=
at+ c(1 t). Thus,

V (b) tV(@+((1 t)V(c (A.5)
V(@ + V(c) V(b V(@+ V() [tV@+@ t)V(d] (A.6)
@ tv(a)+ tv(o): (A.7)

As V is convex, (1 t)V(a)+ tv(c) V@A t)a+ tc]. So, from (A.7),

V(a)+ V(c) V(b V[ tla+ tc] (A.8)
V(a+c [at+ &1 t)]) (A.9)

s Y
V(a+tc b (A.10)

Proof of Lemma 1
The proof is inspired in the Proposition 3.7 of [27]. The maindi erence is that the
class of energies herein considered does not have unary tesmThe implication of this is

that our steepest descent algorithm, in each steep, nds a mee in the setB = f0; 1gV},

0o
()

n
1The only possibilities are either a b cora b ¢, because the sequence i’ is monotone as

we have shown.
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whereas the presence of unary terms imposes the search in therger setf 1;0;1gV!, as
proposed in [27, Chap. 3.3] and in [66].

De ne u = k', wherek! is a minimizer of E(j )on Dy, andE() E(j ). Let M {41
be the set of minimizers ofE() on D4+1. If E(v) = E(u) for v2 M (41, thenu 2 M
and the lemma is proved by choosing = 0. Let us then assume thatE(v) < E (u) for
v 2 M +1. We proceed by contradiction supposing thatv u 2B, for any (at least one)

V2 M 41, i.e., for somev 2 M (41 there exists at least one sitel 2 V such that
vi uj 2f0;1g: (A.11)

Givenu 2Miandv 2 M 41, dene image h with hj = 1if vy u; > 0 and zero
elsewhere. At least one element of takes the valuet + 1 and all elements of u are less
ou equal tot. Therefore, we haveh 6 0.

Since E() is a linear combination of convex terms, each one dependingnly on a

di erence of two components, then a reasoning based on (A.4)eads to
E(u) E(v h) E(u+h) E(v):

The right hand side of the above inequality is nonnegative, ér v is a global minimizer in
Di+1. If E(u + h) = E(v), hypothesis (A.11) would be contradicted becauser u 2 B.
We have then

E(uy>E (v h):

But v h 2 Dy. To verify this, let us analyse the dierencesv; h;, having in mind that
hi 2f0;lgand O<v; t+1. If v =t+1, then hj =1 and v; h; = t. Otherwise,
vi hj t. Thenv h 2Dy, contradicting the fact that u is a global minimizer of E on

D¢. This ends the proof.

Proof of Theorem 2
For the precision interval , the pseudo code embraced by the \while " loop (lines
between 2 and 19) nds a minimizer ofE( )in 2RVi: ;= %z :z2Z ,where
0is the minimizer obtained in the previous precision. Proofsare given in Chapter 3,
in the absence of unary terms, and in [66], [27], for the genal case,i.e., when E con-

tains unary and pairwise terms. Since the successive pre@ms are powers of (1/2), we
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can write 0=+ I;, where Qand ; are theith components of %®and , respec-
tively, and |; is an integer. Therefore, it follows that 2 RVi: ;= %+ gz ;7 22z =

2 RIVI: = itz z2Z7Z .



Bibliography

[1] R. Ahuja, T. Magnanti, and J. Orlin, Network Flows: Theory, Algorithms and Applications
Prentice Hall, 1993.

[2] S. Arashloo and J. Kittler, \Pose-invariant face matching using mrf energy minimization
framework," in EMMCVPR , 2009, pp. 56{69.

[3] S. T. Barnard, \Stochastic stereo matching over scale,"International Journal of Computer
Vision, vol. 3, no. 1, pp. 17{32, 1989.

[4] D. Bertsekas, Network Optimization: Continuous and Discrete Models Athena-Scienti c,
1998.

[5] J. Besag, \Spatial interaction and the statistical analysis of lattice systems," Journal of the
Royal Statistical Society, Series B vol. 36, pp. 192{236, 1974.

[6] ||, \On the statistical analysis of dirty pictures (with discussion)," Journal of the Royal
Statistical Society, Series B pp. 259{302, December 1986.

[7] J. Bioucas-Dias, V. Katkovnik, J. Astola, and K. Egiazarian, \Absolute Phase Estimation:

Adaptive Local Denoising and Global Unwrapping," Applied Optics, 2008.

[8] J. Bioucas-Dias and G. Valadao, \Discontinuity presewving phase unwrapping using graph
cuts," in Energy Minimization Methods in Computer Vision and Pattern Recognition-
EMMCVPR'05, A. Rangarajan, B. Vemuri, and A. Yuille, Eds., vol. 3757. York: Springer,
2005, pp. 268{284.

[9] ||, \Phase unwrapping: A new max- ow/min-cut based appr  oach," in Proceedings of the

IEEE International Conference on Image Processing { ICIP'05, 2005.

[10] ||, \Phase unwrapping via graph cuts," in Proceedings of the Second Iberian Conference

- IbPRIA2005, vol. 1, Estoril, Portugal, June 2005, pp. 360{367.

[11] ||, \Phase unwrapping via graph cuts,” |EEE Transactions on Image Processing vol. 16,
no. 3, pp. 698{709, March 2007.

111



112 BIBLIOGRAPHY

[12] ||, \Phase unwrapping via diversity and graph cuts," in Proceedings of the IWSSIP 2008
(15th International Workshop on Signals, Systems and Imagé@rocessing Bratislava, Slovak

Republic, June 2008.

[13] ||, \Multifrequency absolute phase estimation via gra ph cuts," in Proceedings of the 17th

European Signal Processing Conference - EUSIPC0O200%lasgow, Scotland, August 2009.
[14] A. Blake and A. Zisserman,Visual Reconstruction. Cambridge, M.A.: MIT Press, 1987.
[15] M. Born and E. Wolf, Principles of Optics. Wiley-Interscience, 1970, pp. 260{261.

[16] C. Bouman and K. Sauer, \A generalized Gaussian image ndel for edge-preserving MAP

estimation,” IEEE Transactions on Image Processing vol. 2, no. 3, pp. 296{310, July 1993.

[17] Y. Boykov and M.-P. Jolly, \Interactive graph cuts for o ptimal boundary and region seg-
mentation of objects in n-d images," in Eighth International Conference on Computer Vision
(ICCV 2001), Vancouver, 2001, pp. 105{112.

[18] Y. Boykov and V. Kolmogorov, \An experimental comparison of min-cut/max- ow algo-
rithms for energy minimization in vision," IEEE Transactions on Pattern Analysis and Ma-
chine Intelligence vol. 26, no. 9, pp. 1124{1137, 2004.

[19] Y. Boykov, O. Veksler, and R. Zabih, \Markov random eld s with e cient approximations,"
in Proceedings of the IEEE Computer Society Conference on Comyper Vision and Pattern

Recognition - CVPR'98, 1998, pp. 648{655.

[20] ||, \Fast approximate energy minimization viagraph cu  ts," IEEE Transactions on Pattern

Analysis and Machine Intelligence vol. 23, no. 11, pp. 1222{1239, 2001.

[21] C. Chen, \Statistical-cost network- ow approaches to two-dimensional phase unwrapping for

radar interferometry,” Ph.D. dissertation, Stanford Univ ersity, 2001.

[22] C. Chen and H. Zebker, \Network approaches to two-dimesional phase unwrapping: in-
tractability and two new algorithms,"” Journal of the Optical Society of America vol. 17,
no. 3, pp. 401{414, 2000.

[23] J. Cordeiro and J. Dias, \Contour estimation on piecewse homogeneous random elds,"
in First International Conference on Enterprise Information Systems, ICEIS'99 1999, pp.
184{194.

[24] M. Costantini, \A novel phase unwrapping method based o network programing,” IEEE
Transactions on Geoscience and Remote Sensingol. 36, no. 3, pp. 813{821, May 1998.

[25] G. Crow, E. Crow, and M. Crow, Statistics Manual. Courier Dover Publications, 1960.

[26] R. Cusack, J. Huntley, and H. Goldrein, \Improved noiseimmune phase unwrapping algo-
rithm," Applied Optics, vol. 34, no. 5, pp. 781{789, 1995.



BIBLIOGRAPHY 113

[27] J. Darbon, \Composants logiciels et algorithmes de miimisation exacte denergies
edes au traitement des images,” Ph.D. dissertation, Ecole Nationale Superieure des

Teecommunications, 2005.

[28] J. Darbon and M. Sigelle, \Image restoration with discrete constrained total variation part

I: Fast and exact optimization," Journal of Mathematical Imaging and Vision, 2006.

[29] ||, \Image restoration with discrete constrained tota | variation part II: Levelable functions,
convex priors and non-convex cases,Journal of Mathematical Imaging and Vision, pp. 277{

291, 2006.

[30] J. Darbon, \Global optimization for rst order markov r andom elds with submodular pri-

ors," Discrete Applied Mathematics vol. 157, no. 16, pp. 3412{3423, 2009.

[31] J. Darbon and M. Sigelle, \A fast and exact algorithm for total variation minimization," in

IbPRIA (1) , 2005, pp. 351{359.

[32] M. Datcu and G. Palubinskas, \Multiscale bayesian heidt estimation from insar using a
fractal prior,” in SAR Image Analysis, Modelling, and Techniques, Proceedirgjof the SPIE
Bellingham, WA: Society of Photo-Optical Instrumentation Engineers, 1998, pp. 155{163.

[33] B. de Senneville, C. Mougenot, B. Quesson, |. Dragonu, NGrenier, and C. Moonen, \MR
thermometry for monitoring tumor ablation," European Radiology vol. 17, no. 9, pp. 2401{
2410, 2007.

[34] D. Derauw, \Phase unwrapping using coherence measuregnts,” Synthetic Aperture Radar
and Passive Microwave Sensing, Proceedings SPJiol. 2584, pp. 319{324, 1995.

[35] A. Devaney, \Diraction tomographic reconstruction f rom intensity data," |IEEE Transac-

tions on Image Processingvol. 1, no. 2, pp. 221{228, 1992.

[36] J. Dias and J. Leitao, \The Z M algorithm for interferometric image reconstruction in

SAR/SAS," IEEE Transactions on Image Processing vol. 11, pp. 408{422, April 2002.

[37] J. Dias and J. Leitao, \Simultaneous phase unwrappingand speckle smoothing in SAR
images: A stochastic nonlinear lItering approach,” in EUSAR'98 European Conference on
Synthetic Aperture Radar, Friedrichshafen, May 1998, pp. 373{377.

[38] P. Ferrari, M. Gubitoso, and E. Neves, \Reconstruction of gray-scale images,"Methodology

and Computing in Applied Probability, vol. 3, pp. 255{270, 2001.

[39] A. Ferretti, C. Prati, and F. Rocca, \Permanent scatter ers in SAR interferometry," |IEEE
Trans. Geosci. Remote Sens.vol. 39, no. 1, pp. 8{20, 2001.

[40] T. Flynn, \Consistent 2-D phase unwrapping guided by a quality map," in Proceedings of the
1996 International Geoscience and Remote Sensing SymposidllIGARSS'96, vol. 4, Lincoln,
NE, 1996, pp. 2057{2059.



114 BIBLIOGRAPHY

[41] ||, \Two-dimensional phase unwrapping with minimum we ighted discontinuity,” Journal
of the Optical Society of America A, vol. 14, no. 10, pp. 2692{2701, 1997.

[42] D. Fried, \Least-squares tting a wave-front distorti on estimate to an array of phase-
di erence measurements,” Journal of the Optical Society of America vol. 67, no. 3, pp.
370{375, 1977.

[43] B. Friedlander and J. Francos, \Model based phase unwraping of 2-D signals," IEEE Trans-
actions on Signal Processingvol. 44, no. 12, pp. 2999{3007, 1996.

[44] M. Garey and D. Johnson,Computers and Intractability : A Guide to the Theory of NP-
Completenessser. Series of Books in the Mathematical Sciences. New YorkV. H. Freeman,
1979.

[45] S. Geman and D. Geman, \Stochastic relaxation, Gibbs ditribution, and Bayesian restora-

tion of images," IEEE Trans. Pattern Anal. Machine Intell. , vol. 6, pp. 721{741, 1984.

[46] S. Geman and D. McClure, \Statistical methods for tomogaphic image reconstruction,” in
Proceedings of theasth Session of the International Statistical Institute. Bulletin of the IS,
Vol. 52, 1987, pp. 353{356.

[47] R. Gens, \Two-dimensional phase unwrapping for radar mterferometry: developments and

new challenges,"International Journal of Remote Sensing vol. 24, no. 4, pp. 703{710, 2003.

[48] D. Ghiglia, G. Mastin, and L. Romero, \Cellular automat a method for phase unwrapping,"

Journal of the Optical Society of America, vol. 4, no. 1, pp. 267{280, 1987.

[49] D. Ghiglia and M. Pritt, Two-dimensional phase unwrapping: theory, algorithms, ad soft-

ware (hardcover). Wiley-Interscience, 1998.

[50] D. Ghiglia and L. Romero, \Robust two-dimensional weichted and unweighted phase un-
wrapping that uses fast transforms and iterative methods," Journal of the Optical Society of
America A, vol. 11, pp. 107{117, 1994.

[51] G. Glover and E. Schneider, \Three-point dixon technigque for true water/fat decomposition

with inhomogeneity correction," Magnetic Resonance Medicingvol. 18, pp. 371{383, 1991.

[52] A. Goldberg and R. Tarjan, \A new approach to the maximum- ow problem," Journal of

the Association for Computing Machinery, vol. 35, no. 4, pp. 921{940, October 1988.

[53] R. Goldstein, H. Zebker, and C. Werner, \Satellite radar interferometry: two-dimensional
phase unwrapping," in Symposium on the lonospheric E ects on Communication and Riated

Systems vol. 23. Radio Science, 1988, pp. 713{720.

[54] D. Greig, B. Porteous, and A. Seheult, \Exact maximum a posteriory estimation for binary

images," Jounal of Royal Statistics Society B vol. 51, no. 2, pp. 271{279, 1989.



BIBLIOGRAPHY 115

[55] W. E. L. Grimson and T. Pavlidis, \Discontinuity detect ion for visual surface reconstruction,"

Computer Vision, Graphics, and Image Processingvol. 30, no. 3, pp. 316{330, 1985.

[56] J. Hadamard, \Sur les probemes aux cerivees partielles et leur signi cation physique,"

Princeton University Bulletin , no. 13, 1902.

[57] R. Hudgin, \Wave-front reconstruction for compensated imaging,” Journal of the Optical

Society of America, vol. 67, no. 3, pp. 375{378, 1977.

[58] J. Huntley, \Noise-immune phase unwrapping algorithm" Applied Optics, vol. 28, no. 15,
pp. 3268{3270, 1989.

[59] K. Ireland and M. Rosen, A Classical Introduction to Modern Number Theory, 2nd ed.
Springer-Verlag, 1990.

[60] H. Ishikawa, \Exact optimization for Markov random el ds with convex priors," IEEE Trans-
actions on Pattern Analysis and Machine Intelligence vol. 25, no. 10, pp. 1333{1336, October
2003.

[61] H. Ishikawa and D. Geiger, \Segmentation by grouping junctions,” in IEEE Conference on

Computer Vision and Pattern Recognition (CVPR), 1998.
[62] K. Itoh, \Analysis of the phase unwrapping problem," Applied Optics, vol. 21, no. 14, 1982.

[63] C. Jakowatz, D. Wahl, P. Eichel, D. Ghiglia, and P. Thompson, Spotlight-Mode Synthetic
Aperture Radar: A Signal Processing Approach Boston: Kluwer Academic Publishers,

1996.

[64] V. Katkovnik, J. Astola, and K. Egiazarian, \Phase local approximation (phasela) technique
for phase unwrap from noisy data," IEEE Transactions on Image Processing vol. 17, no. 6,
pp. 833{846, 2008.

[65] S. Kirkpatrick, C. Gelatt, and M. Vecchi, \Optimizatio n by Simulated Annealing," Science
vol. 220, 4598, no. 4598, pp. 671{680, 1983.

[66] V. Kolmogorov, \Primal-dual Algorithm for Convex Mark ov Random Fields," Microsoft
Research, Cambridge, UK, Tech. Rep., 2005.

[67] V. Kolmogorov and R. Zabih, \What energy functions can be minimized via graph cuts?"
IEEE Transactions on Pattern Analysis and Machine Intelligence vol. 26, no. 2, pp. 147{159,
February 2004.

[68] L. Rudin, S. Osher, and E. Fatemi, \Nonlinear total vari ation based noise removal algorithm,"

Physica D., vol. 60, pp. 259{268, 1992.

[69] K. Lange, Optimization. New York: Springer Verlag, 2004.



116 BIBLIOGRAPHY

[70] J. Leitao and M. Figueiredo, \Absolute phase image regnstruction: A stochastic non-linear
Itering approach,” IEEE Transactions on Image Processing vol. 7, no. 6, pp. 868{882, June
1997.

[71] S. Li, Markov random eld modeling in computer vision. Secaucus, NJ: Springer-Verlag
New York, 1995.

[72] ||, Markov random eld modeling in image analysis New York: Springer-Verlag, 2001.

[73] H. Lim, W. Xu, and X. Huang, \Two new practical methods for phase unwrapping," in Pro-
ceedings of the 1995 International Geoscience and Remote 1&@ng Symposium-IGARSS'95
1995, pp. 196{198.

[74] ||, \Two new practical methods for phase unwrapping,”i n Proccedings of the 1995 Inter-
national Geoscience and Remote Sensing Symposium-IGARSES, Firenze, Italy, 1995, pp.
196{198.

[75] B. Mercer and Q. Zhang, \Recent advances in airborne In8R for 3D applications," in
The International Archives of the Photogrammetry, Remote ®nsing and Spatial Information

Sciences. Vol. XXXVII. Part B1 , Beijing, China, 2008.

[76] K. Murota, Discrete Convex Analysis Philadelphia: Society for Industrial and Applied
Mathematics, 2003.

[77] M. Nikolova, \Analysis of the recovery of edges in image and signals by minimizing noncon-
vex regularized least-squares,'SIAM Journal on Multiscale Modeling and Simulation, vol. 4,
pp. 960{991, 2005.

[78] P. Orbanz, S. Braendle, and J. Buhmann, \Bayesian orderadaptive clustering for video

segmentation,” in EMMCVPR , 2007, pp. 334{349.

[79] P. Kohli, \Minimizing dynamic and higher order energy functions using graph cuts," Ph.D.

dissertation, Oxford Brookes University, 2007.

[80] R. Palmer, T. Yu, and P. Chilson, \Range imaging using frequency diversity," Radio Science
vol. 34, no. 6, pp. 1485{1496, 1999.

[81] V. Pascazio and G. Schirinzi, \Multifrequency insar hdght reconstruction through maximum
likelihood estimation of local planes parameters,"IEEE Transactions on Image Processing
vol. 11, pp. 1478{1489, December 2002.

[82] A. Patil and P. Rastogi, \Moving ahead with phase," Optics and Lasers in Engineering
vol. 45, no. 2, pp. 253{257, 2007, guest Editorial.

[83] C. Prati, M. Giani, and N. Leuratti, \SAR interferometr y: A 2-D phase unwrapping tech-
nique based on phase and absolute values information," ifProceedings of the 1990 Interna-
tional Geoscience and Remote Sensing Symposium-IGARSS'90990, pp. 2043{2046.



BIBLIOGRAPHY 117

[84] B. Reddy, Introductory Functional Analysis, ser. Texts in Applied Mathematics Series. New
York: Springer-Verlag, 1997, vol. 27.

[85] J. Reichenbach, M. Essig, E. Haacke, W. K. B. Lee, C. Przaek, and L. Schad, \High-
resolution venography of the brain using magnetic resonareimaging," Magnetic Resonance

Materials in Physics, Biology and Medicing vol. 6, no. 1, pp. 62{69, August 1998.

[86] M. Rivera and J. Marroquin, \Half-Quadratic Cost Funct ions for Phase Unwrapping," Optics
Letters, vol. 29, no. 5, pp. 504{506, 2004.

[87] W. Rockward, A. Thomas, B. Zhao, and C. DiMarzio, \Quantitative phase measurements

using optical quadrature microscopy," Appl. Opt., vol. 47, no. 10, pp. 1684{1696, 2008.

[88] M. Roth, \Phase unwrapping for interferometric SAR by t he least-error path,” Johns Hopkins
University Applied Physics Lab Technical Report, Laurel, MD, Tech. Rep., 1995.

[89] L. Rudin, \Images, numerical analysis of singularities and shock Iters," California Institute
of Technology, Pasadena, CA, USA, Tech. Rep., 1987.

[90] J. Rydell, H. Knutsson, J. Pettersson, A. Johansson, GFarneback, O. Dahlqvist, P. Lund-
berg, F. Nystem, and M. Borga, \Phase sensitive reconstriction for water/fat separation in
MR imaging using inverse gradient," in Medical Image Computing and Computer-Assisted
Intervention { MICCAI 2007 , ser. Lecture Notes in Computer Science, vol. 4791/2007, 20,
pp. 210{218.

[91] G. Sansoni and E. Redaelli, \A 3D vision system based onre-shot projection and phase
demodulation for fast pro lometry,” Measurement Science and Technologyol. 16, pp. 1109{
1118, 2005.

[92] R. Szeliski, R. Zabih, D. Scharstein, O. Veksler, V. Kamogorov, A. Agarwala, M. F. Tappen,
and C. Rother, \A comparative study of energy minimization methods for Markov random
elds with smoothness-based priors,"IEEE Trans. Pattern Anal. Mach. Intell. , vol. 30, no. 6,
pp. 1068{1080, 2008.

[93] D. Terzopoulos, \Regularization of inverse visual prdlems involving discontinuities," IEEE
Trans. Pattern Anal. Mach. Intell. , vol. 8, no. 4, pp. 413{242, 1986.

[94] G. Valadao and J. Bioucas-Dias, \Phase unwrapping viagraph cuts," in Global Developments
in Environmental Earth Observation from Space: 25th EARSELSymposium - EARSEL2005
Porto, Portugal, 2005.

[95] ||, \Puma: Phase unwrapping via max ows," in Proceedings of the 6th Conference on

Telecommunications - ConfTele2007 Peniche, Portugal, May 2007.

[96] ||, \Cape: Combinatorial absolute phase estimation,”  Journal of the Optical Society of
America A, vol. 26, no. 9, pp. 2093{2106, 2009.



118 BIBLIOGRAPHY

[97] ||, \Phase imaging: Unwrapping and denoising with dive rsity and multi-resolution," in
Proceedings of the 7th Conference on Telecommunications - @fTele2009 Santa Maria da

Feira, Portugal, May 2009.

[98] G. Valadao and J. Bioucas-Dias, \Phase imaging: Unwraping and denoising with diversity
and multi-resolution,” in  LNLA 2008, the International Workshop on Local and Non-Loca

Approximation in Image Processing August 2008, pp. 205{212.

[99] O. Veksler, \E cient graph-based energy minimization methods in computer vision," Ph.D.

dissertation, Cornell University, 1999.

[100] M. Vinogradov and I. Elizavetin, \Phase unwrapping method for the multifrequency and
multibaseline interferometry," in Proceedings of the 1998 International Geoscience and Re-
mote Sensing Symposium-IGARSS'98vol. 2, Seattle, WA, USA, 1998, pp. 1103{1105.

[101] M. J. Wainwright, T. Jaakkola, and A. S. Willsky, \Map e stimation via agreement on
trees: message-passing and linear programminglEEE Transactions on Information Theory ,
vol. 51, no. 11, pp. 3697{3717, 2005.

[102] T. Walker and J. Walker, Fourier Analysis. Oxford University Press US, 1988.

[103] Z. Wu and R. Leahy, \An optimal graph theoretic approach to data clustering: Theory and
its application to image segmentation,” IEEE Transactions on Pattern Analysis and Machine

Intelligence, vol. 15, no. 11, pp. 1101{1113, November 1993.

[104] W. Xu, E. Chang, L. Kwoh, H. Lim, and W. Heng, \Phase-unwrapping of sar interferogram
with multi-frequency or multi-baseline,” in  Proceedings of the 1994 International Geoscience
and Remote Sensing Symposium-IGARSS'94vol. 2, 1994, pp. 730{732.

[105] J. S. Yedidia, W. T. Freeman, and Y. Weiss, \Generalizel belief propagation," in NIPS,
2000, pp. 689{695.

[106] B. Zalesky, \E cient determination of gibbs estimato rs with submodular energy functions,"
arXiv:math/0304041, 2003.



