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Brief history

f1976 - Miller: deterministic polynomial time
(assuming Extended Riemann Hypothesis)

1980 - Rabin: randomized polynomial time

1983 - Adleman, Pomerance, Rumely:
deterministic O((log(n))©(lesllog(los(n))))

1986 - Goldwasser, Kilian: randomized algorithm
with expected polynomial time in almost all inputs

1992 - Adleman, Huang: randomized polynomial time

2002 - Agrawal, Kayal, Saxena:
deterministic polynomial time O(log"?(n))
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Notation

-

The congruence p(x) = g(z) mod (h(x),n):
® /(x) divides p(z) — q(x);

® all coefficients are taken modulo n.

The asymptotic notations:

® An upper bound on a function:

O(g(n)) = 1£(n) : 3eng>0 Ynzne 0 < f(n) < cg(n)};

® An upper bound on a function with logarithmic factors ignored:

~

O(g(n)) = UrenO(g(n)log*(g(n)));

® Note that O(log"(n)) C O(log"t(n)).
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Main | dea

-

Proposition [Identity]:
1. nprime = (zr—a)” = (2" —a) mod n;

2. n composite, gcd(a,n) =1= (z —a)” # (" —a) mod n.

Primality test from Identity:

® find a such that ged(a,n) = 1;

® by2 if((x —a)" = (2™ —a) mod n) then n is prime;

® byl if((x —a)™ # (2™ —a) mod n) then n is composite.

We have to compute n + 1 coefficients :-(
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Main | dea

o N

Proposition [AKS prime for n]: there is always a small prime r such that
® 7 cO(log’(n));
® r — 1 largest prime factor = ¢ > 4./r log(n) and n("~1/2 £ 1mod r.

Definition [Suitable AKS prime for n]: a suitable AKS prime r is such that
® ris an AKS prime for n;

® gcd(m,n)=1foralll <m <r.

If there is not a suitable AKS prime r for n then n is composite.

o |
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-

Main idaa

Proposition [AKS ldentity]: if there is a suitable AKS prime r for n, T
1.
2.

n pPrime = Vi <,< |2 /rlogn)|+1(* — a)" = (2" — a)mod (z" — 1,n);

n # p® = 31§a§L2ﬁlog(n)J+1($ —a)" # (" —a)mod (z" —1,n).

A quasi primality test from AKS lIdentity:

“

e o 0

find a suitable AKS prime r for n;

If (there is not a suitable r for n) then n is composite;

by 1. if (34(z — a)”™ # (2" — a)mod (x" — 1,n)) then n is composite;
by 2. if (Vo(x —a)” = (2™ — a)mod (z" — 1,n)) then n = p°.

|
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Main idela
fPrimality test from AKS ldentity: T
® if (nis of the form a?, b > 1) then n is composite;
® find a suitable small prime r for n;
If (there is not a suitable r for n) then n is composite;
by 1. if (34(z — a)”™ # (2" — a)mod (x" — 1,n)) then n is composite;
by 2. if (Vo(x —a)” = (2™ — a)mod (=" — 1,n)) then n is prime.

e o 0

We only have to compute at most r coefficients :-)
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AKS Primality Algorithm
f|nput: integer n > 2 T

Qutput: If nis prime returns YES otherw se returns NO
1. if (nis of the forma®, b>1) return NO

2. r=2;

3. while (r<n) {

4. i f (ged(n,r)#1) then return NO

5. if (r is prinme) then {

6. q= largest prinme factor of »r—1;

7. if ((qg>4yrlog(n)) and (n("=1/74 21 mod r)) then break;
8. }

0. r=r-+1;

10. }

11. for (a=1) to (|2yrlog(n)] +1) {

12. iIf ((x—a)” Z(z"™ —a) mod (z" —1,n)) then return NO
13. }

14. return YES;

o |

AKS Primality Algorithm — p.9/20



Correctness

o N

Halting: follows from the existence of an AKS prime r for n.

Correctness: follows from AKS Identity.

o |
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Correctness

fOutline of the proof of AKS ldentity: T

® nprime= (x—a)” = (z" —a) mod n (by Identity)
= (r—a)" = (2" —a) mod (" —1,n)

® n composite: (by contradiction)

# assume that n is not a power of a prime
= [{n'p? : 0 <4,5 < |/r]}| > r, for some p (Lemma)
= 0, )#3 57 nipl = ni/pj/ mod 7 (by the pigeon hole principle)
# assume that (r —a)” = (2" —a) mod (z" — 1,n)
= (x—a)? ™ = (zP"" —a) mod (2" — 1,n) Vy >0 (Lemma)
= (z —a)?™ = (zF'" —a) mod (z" — 1,n) With (u,0) = (i, )

(x — a)pi/”j/ (xpi/”j/ —a) mod (z" — 1,n) (with (u,v) = (i’,5"))

. Y
1 p7« nJ

nJ

= (z —a)P
= pinj = pi/nj/ (Lemma)

L = (i,5) = (i',4") (Lemma) J
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Complexity

Testing if n is a perfect power: O(log*(n))

Finding = (while loop) with O(log®(n)) iterations:
#® Computing ged(n, ) (Euclid): O(log®(n))

Testing if r is prime (trial division): O(y/rlog*(r))

Computing largest prime factor of » — 1: O( /7 log*(r))

Computing n("~D/¢ mod r: O(log®(n) + log®(r))
Total: O(log”(n))

e o o 0o
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Complexity
fAKS condition (for loop) with O(4/rlog(n)) iterations:
#® Computing (z — a)® mod (z" — 1) (FFT): O(rlog®(n))
® Computing (z” —a) mod (z" — 1): O(log®(n))
® Total: O(log'?(n))

Overall complexity of AKS algorithm: O(log'?(n))

o |
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Complexity

Computing ged(n, r) (Euclid): O(log®(n))

| nput: integers n,r
Qutput: ged(n,r)
1. if r==
2. then return n;
3. el se return gcd(r,n mod r);

Lamé’s Theorem: The number of recursive calls of Euclid’s algorithm is
O(log(n)).

o |
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Complexity
-

Testing if r is prime (trial division): O (/7 log®(r))

|nput: integer r with r>2
Qutput: YES if » is prinme and NO ot herw se

1. t=2;, s=4

2. while (s<7r) {

3 I f (r modt==0)

4, then return NGO

5 else t=t+1;, s=s4+2t—1;
6

7

}
return YES;

o |
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Complexity
-

Computing largest prime factor of » — 1: O(y/r1og*(r))

|nput: integer r with r>2
Qutput: the largest prine factor of r

p=1 y=2 z=r
while ((z#1) and (y2<7r)) {
while (x mod y ==0) {
x=zz/y; p=1y;
}
y=1vy+1,
}

I f (x==1) then return p else return uz;

© N o O~ w0 b PkE
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Complexity

- N

Computing n("~1/¢ mod r: O(log®(n) + log*(r))

Computing a® mod r (repeated squaring): O(log®(n)) with a,b,r < n

| nput: integers a,b, r
Qutput: a® mod r

1. x=a modr;, y=0b, z=1,

2. while (y#0) {

3 if (y is even)

4. then y=y/2; =22 modr;
5 else y=y—1;, z=2zx mod 7;
6. }

7. return z;

o |
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Complexity

Computing (z — a)® mod (z" — 1) (FFT): O(rlog?®(n))

| nput: integers n,r,a Wwth 2<r<n and 1<a<n
Qutput: all coefficients of the polynomal (xz—a)” mod (" —1,n)
1. f(z)=1, g(x)=z—a; y=nmn;
2. while (y#0) {
3 if (y is even)
4. then y=y/2; h(z) =g(x)g(z); g(z)=h(z) mod (z" —1,n);
5 else y=y—1, h(z)= f(z)g(x); f(z)=~h(z) mod (z" —1,n);
6
7

}

return f(x);

o |
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Complexity
-

Computing (z™ — a) mod (z" — 1): O(log®(n))

Computing (™ — a)mod (z" — 1) is equivalent to computing nmod r:

(2" —a) = (z¢t medT @) mod (2" — 1)
= (22" modT _ ) mod (2" — 1)
= (SIZn mod 7 _ CL) mod (:CT — 1) (z" =1 mod (" — 1))

o |
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Conclusion

-

® Still inefficient for practical uses;
® Improvements on the complexity made by Bernstein;

® Possible conjecture holding implies improvement to O(log?(n)):

Conjecture. If n 20 mod r and if
(x—1)"= (2" —1) mod (z" — 1,n),
either n is prime or n? =1 mod .

Primality test with Conjecture:
e findr € O(log(n)) suchthatn 20 mod r and n? #1 mod r;
o f((z—1)"=(2"—1) mod (2" — 1,n))

then n is prime else n is composite.

o |
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