A Pedigree of Bianisotropic Media

F. Olyslager^1 and I.V. Lindell^2

1 Department of Information Technology, Ghent University

Sint-Pietersnieuwstraat 41, B-9000 Ghent, Belgium

2 Electromagnetics Laboratory, Helsinki University of Technology

PO Box 3000, FIN-02015 HUT, Espoo, Finland

Abstract

During the past years we have intensively studied basic properties and field solutions in homogeneous bianisotropic media. We started from simple isotropic media to ever more general bianisotropic media. This study has led to some classification of bianisotropic media, which resembles a pedigree. The pedigree contains two branches. The first branch are socalled self-dual media, these are generalisations of the chiral medium. The second branch are factorizable media, these are generalisations of the uniaxial anisotropic media. We think to have reached some consensus with respect to the pedigree, i.e. we think to have found the most general media in each of the two branches.

1. Introduction

In this contribution we want to report on some of the findings we obtained during the past eight years. During this period we have been investigating homogeneous bianisotropic media with constitutive relations of the form

D = ϵ · E + ξ · H, B = ζ · E + μ · H, (1)

where ϵ, μ, ζ and ξ are the medium dyadics.

We were interested in finding basic field solutions in these media. The fields for any given source can be found by integration from the fields of an elementary dipole source, i.e. from the Green dyadics. In general it is not possible to obtain the Green dyadics into closed form. Other basic solutions are plane waves. Sometimes an electromagnetic field problem can be simplified by decomposing the fields in two components. Each of these components then propagate in a ”simpler” medium for which the Green dyadics are known. Another way to solve field problems is the use of duality transformations which allow us to transform field solutions in one medium to those in another medium. Our aim was to find the most general media for which decomposition of the fields was possible, for which we could find the plane wave solutions and for which the Green dyadics could be obtained in closed form. It turned out that these three problems are intimately interrelated. The common backbone behind these problems is the possibility to factorize the fourth order ”Helmholtz determinant operator”.

This study resulted in a hierarchical ordening – which we call a pedigree – of ever more general bianisotropic media. Basically this pedigree consists of two separate branches. In the present contribution we will first discuss some basics such as Green dyadics, factorization, plane waves, decomposition and duality. Then we will focus on the the two branches of the pedigree.

This paper gives only a small overview of the subject, a more rigorous historical overview with more references can be found in [1].

2. Green Dyadics and Factorization The electric Green dyadic G_{ee}(r) is defined as the relation between the electric current density J(r) and the electric field E(r): E(r) = −jω ∫ ∫ ∫ V G_{ee}(r − r^′) · J(r^′)dV^′. (2)

In a bianisotropic medium this Green dyadic satisfies the equation H_{ee}(∇) · G_{ee}(r) = −Iδ(r), (3) with H_{ee}(∇) the vector Helmholtz operator given by [2] H_{ee}(∇) = −(∇ × I − jωξ) · μ^{−1} · (∇ × I + jωζ) + ω^2ϵ. (4) To solve (3) it suffices to find a scalar Green function G(r) that is solution of detH_{ee}(∇)G(r) = −δ(r), (5) with detH_{ee}(∇) the Helmholtz determinant operator. The solution of (3) then follows from G_{ee}(r) = [ H A_{ee} (∇) ]T G(r), (6) with H A_{ee} (∇) the adjoint operator of the vector Helmholtz operator. The Helmholtz determinant operator turns out to be a fourth order operator, which makes, in general, a closed form solution of (5) impossible. For some classes of media it is possible to factorize this operator as a product of two second order operators, i.e.

detH_{ee}(∇) = H_a(∇)H_b(∇). (7) A medium for which this is possible is called factorizable. Factorizability does not necessarily mean that we can solve (5) in closed form. However, often a closed form solution is possible or an elegant series or integral representation.

Sometimes one can factorize the second order dyadic Helmholtz operator: H_{ee}(∇) = H_a(∇) · H_b(∇) (8) where H_a(∇) and H_b(∇) are first order dyadic operators. For these media it is possible to write G_{ee} in closed form. 3. Plane Waves For a plane wave of the form E(r) = E_0 exp(−jk · r) the vector E_0 satisfies the equation H_{ee}(−jk) · E_0 = 0. (9) A solution different from zero is only possible when k satisfies the dispersion equation detH_{ee}(−jk) = 0. (10) If we write k as ku with u a unit vector defining the phase velocity propagation direction then (10) is a fourth order polynomial equation in k and the dispersion surface will be a fourth order surface. When detH_{ee} is factorizable the dispersion surface consists of two second order surfaces, i.e. of two quadrics. For a given value of k the solution of equation (9) gives the polarization of the plane waves.

4. Decomposition

With decomposition we mean that the fields can be split in two components as

E = E_a + E_b, H = H_a + H_b. (11)

Both a and b are solution of Maxwell equations for simpler media than the original medium. These simpler media are called the equivalent media. The most well known field decomposition is the TE and TM decomposition for uniaxial anisotropic media [3] for which the equivalent media are isotropic media. This can be generalised to media where the decomposed fields satisfy the conditions a_1 · E_a + a_2 · H_a = 0, b_1 · E_b + b_2 · H_b = 0, (12)

where a_1, a_2, b_1 and b_2 are arbitrary vectors.

Another way to decompose the fields is the Bohren decomposition [4]. In this case the fields are decomposed as E = E_+ + E_−, H = H_+ + H_−, (13)

with E_± = Y_±H_±, (14)

with Y_± some scalar constants. The most well known medium that allows such a decomposition is the isotropic chiral medium. Also in this case there are much more general media that allow a Bohren decomposition.

5. Duality

A duality transformation transforms original fields E and H into dual fields E_d and H_d as ( E_d H_d ) = ( A B C D ) ( E H ) , (15)

with A, B, C and D arbitrary constants. The dual fields satisfy Maxwell equations in a dual medium defined by its medium dyadics as ( ϵ_d ξ_d ζ_d μ_d ) = − ( A B C D ) ( 0 1 −1 0 ) ( ϵ ξ ζ μ ) ( A B C D )−1 . (16)

Using the duality transformation it is possible to transform field solutions from the original medium to the dual medium or vice versa. For example the Green dyadics between both media are related through [5] ( G_{ee,d} G_{em,d} G_{me,d} G_{mm,d} ) = ( A B C D ) ( G_{ee} G_{em} G_{me} G_{mm} ) ( 0 1 −1 0 ) ( A B C D )−1 . (17)

When a medium is invariant under a duality transformation we say it is a self-dual medium. Only a restricted class of bianisotropic media are self-dual.

6. The First Branch

It turns out that the class of media that are self-dual or that allow a Bohren decomposition or that allow a factorization of the vector Helmholtz operator is one and the same. These media have been studied in [6]–[11]. The isotropic chiral medium is the simpliest representative of this class. The most general medium of this class is given by ϵ = ϵα, μ = μα, ζ = (χα + jκ) √ ϵμ, ξ = (χα − jκ) √ ϵμ, (18) with α and κ arbitrary dyadics.

The Green dyadics for this medium can be written in closed form [11] as follows

G_{ee}(r) = − jη exp (ka_+ · r)

2 cos θ

L_+(∇) ( exp (−jkD_+) 4πkD_+ )

− jη exp (ka_− · r) 2 cos θ L_−(∇) ( exp (−jkD_−) 4πkD_− ) , (19)

with k = ω √ ϵμ, η = √ μ ϵ , D_± = √ detS_± √ r · S^{−1}_± · r, cos θ = √ 1 − χ^2, (20)

L_±(∇) = ∇∇ ± k(∇ · S_±) × I + k^2S^{−1}_± detS_± (21)

and where S_± and a_± follow from a decomposition of cos θα ± κ in a symmetric and an asymmetric part of the form cos θα ± κ = S_± + a_± × I. (22)

For more information on the media in this branch we also refer to another paper in these proceedings [12].

7. The Second Branch

The second branch is much more complicated. This branch contains the media that are decomposable. It turns out that these media are also factorizable. It took us a long while to find the medium that has all decomposable and factorisable media as special cases. This medium is described by rather complicated medium parameters [13]

ϵ = α(z × I + a_1b_1 + b_1a_1) + η(−B^T + a_2b_1 + b_2a_1), (23)

ξ = η(x × I + a_2b_2 + b_2a_2) + α(B + a_1b_2 + b_1a_2), (24)

ζ = τ(z × I + a_1b_1 + b_1a_1) − α(−B^T + a_2b_1 + b_2a_1), (25)

μ = −α(x × I + a_2b_2 + b_2a_2) + τ(B + a_1b_2 + b_1a_2), (26)

where α, η, τ, a_1, a_2, b_1, b_2, x, z and B are arbitrary scalars, vectors and dyadics. It turns out that this medium is also closed with respect to duality transformations. This means that it is not possible to generalize this medium further using a duality transformation. These observations made us conclude that (23)–(26) is the most general medium that allows decomposition and factorisation.

Special cases of the medium (23)–(26) were studied in [14]–[34]. An important special case are the anisotropic media. The most general anisotropic medium that allows factorization and decomposition is ϵ = τμ^T + ab [24], with as special case the uniaxial anisotropic medium.

Another interesting class of media are the equivalent media of the medium (23)–(26). These are of the form [13] ϵ = −ηB^T + α(z × I), μ = τB − α(x × I), (27) ξ = αB + η(x × I), ζ = αB^T + τ(z × I). (28)

Without loss of generality we assume that τη + α^2 = 1. The Helmholtz determinant operator for these media can be written as a square. This allows a closed form Green dyadic given by

G_{ee}(r) = { α jω [(α∇ × I − jωB) · (τ∇ − jωx)] × I − τ jω [(η∇ + jωz)(τ∇ − jωx) + α^2∇∇ + jωα∇(B^{T ×}_· I) + I × (∇ · B) − ω^2(B^{−1})^T detB]} e^{jωc·R} �1_{·r} e^{−jkD} jω4π √ detR √ D , (29)

with R = 1 2 (α^2 + τη)(B + B^T ), c = 1 2 [ηB · x + τz · B − αz × x + α(detB)(B^{−1})^{T ×}_· I], (30) and k = ω √ z · B · x + detB − c · R^{−1} · c, D = √ r · R^{−1} · r, (31)

where A^×_· I is shorthand for u_x × A · u_x + u_y × A · u_y + u_z × A · u_z. The fact that the Helmholtz determinant operator is a square also means that the two second order dispersion surfaces coincide. Each of the equivalent media of a certain original medium have as coinciding dispersion surfaces one of the two dispersion surfaces of the original medium.

Acknowledgements

F. Olyslager is a Research Associate of the Fund for Scientific Research - Flanders (Belgium)(F.W.O.) and I.V. Lindell has the research position of Academy Professor by the Academy of Finland.

References

[1] F. Olyslager and I.V. Lindell, ”Electromagnetics and exotic media – A quest to the Holy Grail,” Submitted to IEEE Antennas and Propagation Magazine.

[2] I.V. Lindell, Methods for Electromagnetic Field Analysis, IEEE Press - Oxford University Press, New-York, 1995.

[3] P.C. Clemmow, ”The resolution of a dipole field into transverse electric and magnetic waves,” IEE Proceedings, Vol. 110, no. 1, pp. 107–111, 1963.

[4] G.F. Bohren, ”Light scattering by an optically active sphere,” Chem. Phys. Lett., vol.29, no.3, pp.458-462, 1974.

[5] I.V. Lindell and L.H. Ruotanen, ”Duality transformations and Green dyadics for bi-anisotropic media,” Journal of Electromagnetic Waves and Applications, Vol. 12, no. 9, pp. 1131–1152, 1998.

[6] J.C. Monzon, ”Radiation and scattering in homogeneous general biisotropic regions,” IEEE Trans.

on Antennas and Propagation, Vol. 38, no. 2, pp. 227–235, 1990.

[7] S. Bassiri, N. Engheta and C.H. Papas, ”Dyadic Green’s function and dipole radiation in chiral media,” Alta Frequenza, Vol. 55, no. 2, pp. 83–88, 1986.

[8] I.V. Lindell and W.S. Weiglhofer, ”Green dyadic and dipole fields for a medium with anisotropic chirality,” IEE Proceedings Part H, Vol. 141, no. 3, pp. 211–215, 1994.

[9] I.V. Lindell and F. Olyslager, ”Duality transformations, Green dyadics and plane-wave solutions for a class of bianisotropic media,” Journal of Electromagnetics Waves and Applications, Vol. 9, no. 1/2. pp. 85–96, 1995.

[10] F. Olyslager and I.V. Lindell, ”Green’s Dyadics for Bi-anisotropic Media with Similar Medium Dyadics,” Microwave and Optical Technology Letters, Vol. 17, no. 1, pp. 45–47, 1998.

[11] I.V. Lindell and F. Olyslager, ”Green dyadics for self-dual bianisotropic media,” Journal of Electromagnetic Waves and Applications, Vol. 14, pp. 153–163, 2000.

[12] I.V. Lindell and F. Olyslager, ”Green dyadics for self-dual bi-anisotropic media,” Proceedings of Bianisotropics 2000, Lisboa, Portugal, 2000.

[13] F. Olyslager and I.V. Lindell, ”Field decomposition and factorization of Helmholtz determinant operator for bianisotropic media,” Submitted to IEEE Transactions on Antennas and Propagation.

[14] F.I. Federov, Teoriya girotropii (Theory of Gyrotropy). Minsk: Nauka i tekhnika, 1976. [15] W.S. Weiglhofer, ”Dyadic Green’s functions for general uniaxial media,” IEE Proc. H Microwaves, Antennas and Propagation, Vol. 137, no. 1, pp. 5–10, 1990.

[16] I.V. Lindell, ”Coordinate-independent Green Dyadic for General Symmetric Uniaxial Media,” Helsinki University of Technology, Radio Laboratory Report, no. S61, 1974.

[17] I.V. Lindell and W.S. Weiglhofer, ”Green dyadic for a uniaxial bianisotropic medium,” IEEE Trans.

Antennas Propagat., Vol. 42, no. 7, pp. 1013–1016, 1994.

[18] W.S. Weiglhofer and I.V. Lindell, ”Analytic solution for the Green’s function of a nonreciprocal uniaxial bianisotropic medium,” AEÜ, Vol. 48, no. 2, pp. 116–119, 1994.

[19] W.S. Weiglhofer, ”Dyadic Green function for unbounded general uniaxial bianisotropic medium,” Int. J. Electron., Vol. 77, no. 7, pp. 105–115, 1994.

[20] F. Olyslager, ”Time-harmonic two- and three-dimensional Green’s dyadics for general uniaxial bianisotropic media,” IEEE Trans. Antennas Propagat., Vol. 43, no. 4, pp. 430–434, 1995.

[21] F. Olyslager, ”Time-harmonic two- and three-dimensional closed form Green’s dyadics for gyrotropic bianisotropic and anisotropic media,” Electromagnetics, Vol. 17, no. 4, pp. 369–386, 1997.

[22] I.V. Lindell and F. Olyslager, ”Analytic Green dyadic for a class of nonreciprocal anisotropic media,” IEEE Trans. Antennas Propagat., Vol. 45, no. 10, pp. 1563–1565, 1997.

[23] I.V. Lindell and F. Olyslager, ”Green dyadic for a class of anisotropic media,” Helsinki Univ. Tech., Electromagnetics Lab. Rept. 237, 1997.

[24] I.V. Lindell and F. Olyslager, ”Factorization of the Helmholtz determinant operator for anisotropic media,” Archiv für Elektronik und Übertragungstechnik, Vol. 52, no. 1, pp. 261–267, 1998.

[25] A. Kujawski and S. Przezdziecki, ”Necessary condition for the splitting of electromagnetic fields into TE and TM constituents in a class of anisotropic media,” Bull. Acad. Polon. Sci., math. astr. phys., Vol. 21, no. 10, pp. 955–962, 1973.

[26] I.V. Lindell, ”Decomposition of electromagnetic fields in bi-anisotropic media,” Journal of Electromagnetic Waves and Applications, Vol. 11, no. 5, pp. 645–657, 1997.

[27] I.V. Lindell and F. Olyslager, ”Generalized decomposition of electromagnetic fields in bi-anisotropic media,” IEEE Transactions on Antennas and Propagation, Vol. 46, no. 10, pp. 1584–1585, Oct. 1998.

[28] I.V. Lindell, ”Field decomposition in special gyrotropic media,” Microwave and Optical Technology Letters, Vol. 12, no. 1, pp. 29–31, 1996.

[29] F. Olyslager and I.V. Lindell, ”Green’s dyadics for a class of bi-anisotropic media with nonsymmetric bi-anisotropic dyadics,” AEÜ, Vol. 52, no. 1, pp. 32–36, 1998.

[30] F. Olyslager and I.V. Lindell, ”Closed form Green’s dyadics for a class of media with axial bianisotropy,” IEEE Trans. Antennas Propagat., Vol. 46, no. 12, pp. 1888–1890, 1998.

[31] I.V. Lindell and F. Olyslager, ”Green dyadic for a class of bi-anisotropic media,” Microwave and Optical Technology Letters, Vol. 19, no. 3, pp. 216–221, 1998.

[32] F. Olyslager and I.V. Lindell, ”Green’s dyadics and factorization of the Helmholtz determinant operator for a class of bi-anisotropic media,” Microwave and Optical Technology Letters, Vol. 21, no. 4, pp. 304–309, 1999.

[33] I.V. Lindell and F. Olyslager, ”Factorization of the Helmholtz determinant operator for decomposable bi-anisotropic media,” Journal of Electromagnetic Waves and Applications, Vol. 13, pp. 431–446, 1999.

[34] F. Olyslager, I.V. Lindell and L.H. Puska, ”Factorisation and Green dyadics for a new class of bianisotropic media using duality,” Submitted to Journal of Electromagnetic Waves and Applications, Vol. 14, pp. 745–762, 2000.